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Exercise 3.3

- Make a Q-Q plot (Quantile-Quantile plot) to compare the two data sets of 
Table 3.1.1. 

- What do you observe in regard to the traffic flows in directions 1 and 2? 
- Provide an approximate value of the difference in the daily traffic flow 

between the two directions using a Tukey mean-difference plot. 
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Exercise 3.3

- Make a Q-Q plot (Quantile-Quantile plot) to compare the two data sets of 
Table 3.1.1. 

- What do you observe in regard to the traffic flows in directions 1 and 2? 

Steps

1. sort the data (if not sorted)

2. If nx = ny plot the data in an x-y system using the same scale 
and origin for x and y

3. Draw the line x=y

4. Compare the two data sets
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Exercise 3.3

- Make a Q-Q plot (Quantile-Quantile plot) to compare the two data sets of 
Table 3.1.1. 

Steps

1. sort the data (if not sorted)

2. If nx = ny plot the data in an x-y
system using the same scale 
and origin for x and y

3. Draw the line x=y (symmetry line)

4. Compare the two data sets
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Exercise 3.3

- Make a Q-Q plot (Quantile-Quantile plot) to compare the two data sets of 
Table 3.1.1. 

Steps

1. sort the data (if not sorted)

2. If nx = ny plot the data in an x-y
system using the same scale 
and origin for x and y

3. Draw the line x=y (symmetry line)

4. Compare the two data sets

The data lie far from the symmetry line
Concentrated on the side of direction 1- higher traffic flow in direction 1
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Exercise 3.3

- Provide an approximate value of the difference in the daily traffic flow 
between the two directions using a Tukey mean-difference plot. 

Steps

1. sort the data (if not sorted)

2. Calculate yi –xi and plot it on the y-axis

3. Calculate (yi +xi)/2 and plot it on the x-axis

4. Discuss…
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Exercise 3.3

- Provide an approximate value of the difference in the daily traffic flow 
between the two directions using a Tukey mean-difference plot. 

Steps
1. sort the data (if not sorted)
2. Calculate yi –xi and plot it on the y-axis
3. Calculate (yi +xi)/2 and plot it on the x-axis

yi –xi (yi +xi)/2yixi
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Exercise 3.3

- Provide an approximate value of the difference in the daily traffic flow 
between the two directions using a Tukey mean-difference plot. 

Steps
4. Discuss
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Exercise 4.1

The monthly expense  [CHF] for water consumption including sewage fee for a 2-persons 
household may be considered as a random variable with the following density function:

a. Which value of c should be chosen?

b. Describe the cumulative distribution function             of the random variable X.

c. Which of the following four values, 30.00 CHF, 40.00 CHF, 50.00 CHF and 
60.00 CHF does not exceed the 90%-quantile of the monthly expense? 

d. How large is the mean monthly expense for water consumption including 
sewage fee for a 2-persons household? 

(60 )     for 0 x 60
( )

         0               otherwiseX

c x x
f x

⋅ ⋅ − ≤ ≤⎧
= ⎨
⎩

( )XF x

(15 )     for 0 x 60
( ) 4

        0               otherwise
X

xc x
f x

⎧ ⋅ ⋅ − ≤ ≤⎪= ⎨
⎪⎩

Change to



| Statistics and Probability Theory | Risk and Safety 10

Solution 4.1

Probability density function

a. Which value of c should be chosen?

( ) 0Xf x ≥

Ω

=∫ ( ) ??Xf x dx

Non-negative

Area = ??
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Solution 4.1

Probability density function

( )⋅ ⋅ − = ⇒ =∫
60

0

60 ? .....c x x dx c

(60 )     for 0 x 60
( )

         0               otherwiseX

c x x
f x

⋅ ⋅ − ≤ ≤⎧= ⎨
⎩

a. Which value of c should be chosen?

( ) 0Xf x ≥

Ω

=∫ ( ) ?Xf x dx

Non-negative

Area = ?
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Solution 4.1

Cumulative distribution function

b. Describe the cumulative distribution function             of the random variable X.( )XF x

2 3

        0                                          x 0
1 60 1( )          0 x 60

36000 2 3
        1                                     60  x

XF x x x

<⎧
⎪⎪ ⎛ ⎞= ⋅ ⋅ − ⋅ ≤ ≤⎨ ⎜ ⎟

⎝ ⎠⎪
⎪ <⎩

(60 )     for 0 x 60
( )

        0               otherwiseX

c x x
f x

⋅ ⋅ − ≤ ≤⎧
= ⎨
⎩

( ) ( )X XF x f x dx
Ω

= ∫
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Solution 4.1

First we need to find the value corresponding to the 90% quantile

c. Which of the following four values, 30.00 CHF, 40.00 CHF, 50 CHF    
and 60 CHF does not exceed the 90%-quantile of the monthly expense? 

0.9

??
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Solution 4.1

First we need to find the value corresponding to the 90% quantile

c. Which of the following four values, 30.00 CHF, 40.00 CHF, 50 CHF    
and 60 CHF does not exceed the 90%-quantile of the monthly expense? 

( ) ( ) 0.9XP X F xα≤ = =

0.9

??

0

1( ) (60-x) ....
36000

P X a x dx
α

α≤ = ⋅ ⇒ =∫
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Solution 4.1

Mean = 30

d. How large is the mean monthly expense for water consumption 
including sewage fee for a 2-persons household? 

Mean = 30

We can say this directly by looking at the
Probability density function. WHY???
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Solution 4.1

Mean---First moment

Mean = 30

60
2

0

1( ) ( ) (60 ) 
36000XE X x f x dx x x dx

∞

−∞

= ⋅ = ⋅ ⋅ −∫ ∫

d. How large is the mean monthly expense for water consumption 
including sewage fee for a 2-persons household? 

[ ] ( )XE X xf x dxμ
∞

−∞
= = ∫
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Exercise 4.2

The probability function of a basic variable is shown in the following figure.
a. determine analytically the PDF and the CDF.

Let a=1, b=2, c=3, d=6.    (Change location in the exercise)

a. Define the mode and the parameter h.
b. Calculate the mean value.
c. Calculate the value of the median.
d. Obtain graphically the median of the pdf. Discuss how the mean value may

be evaluated graphically.
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First think along with the definition, then think it again graphically.
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PDF – Probability Density Function
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⎪
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⎨
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0
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)(

0

)(

Rule of similar triangles

x

a. determine analytically the PDF and the CDF.
Solution 4.2
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CDF – Cumulative Density Function

∫
∞

∞−
= dxxfxF XX )()(

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩
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xFX
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2

1
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0
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The four constants can be calculated by using the boundary conditions

a. determine analytically the PDF and the CDF.
Solution 4.2
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b. define the mode and the parameter h. (a=1, b=2, c=3, d=6)

Solution 4.2

What means the term 
“mode”????
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b. define the mode and the parameter h. (a=1, b=2, c=3, d=6)

Solution 4.2

( ) 1
∞

−∞

=∫ Xf x dx

( ) ( ) 1 ...... ...
2

d a c b h h− + − ⋅ = ⇒ =

Area under the
density function
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c. Calculate the value of the mean (a=1, b=2, c=3, d=6)

Solution 4.2

0 1

( 1) 1 2
3

1( ) 2 3
3

( 6) 3 5
9

0 5

X

x

x x

f x x

x x

x

<⎧
⎪
⎪
⎪ − ≤ <⎪
⎪
⎪
⎪⎪= ≤ <⎨
⎪
⎪
⎪ −⎪− ≤ <
⎪
⎪
⎪

≤⎪⎩⎪
⎪
⎪
⎪
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⎪
⎪
⎪

⎨
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xfX
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0
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]
2 3 6

1 2 3

( 1) ( 6)( ) ....
3 3 9xx

x x x x xx f x dx dx dx dxE xμ
∞

−∞

⋅ − − ⋅ −⋅ ⋅ = + ⋅ + =⎡= =⎣ ∫ ∫ ∫ ∫
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d. Calculate the value of the median.

Solution 4.2

Graphically from the CDF 
(???)

Analytically

(???)
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e. Obtain graphically the median of the pdf. Discuss how the mean value may be evaluated graphically.

Solution 4.2

Graphically from the PDF

1
1 1 12 1
3 2 6

( )A = − ⋅ ⋅ =

2
1 13 2
3 3

( )A = − ⋅ =

3
1 1 16 3
3 2 2

( )A = − ⋅ ⋅ =

Median: ???
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e. Obtain graphically the median of the pdf. Discuss how the mean value may be evaluated graphically.

Solution 4.2

Graphically from the PDF

Mean: center of gravity of the shape of the probability density function.

5

1

A 0
=

⋅ =∑ i i
i

d

1. Estimate moments for each 
shape

2. Take equilibrium around the 
hypothesized location of the 
center of gravity
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The probability density function of a random variable X is shown in Figure 4.3.1. 
In the interval [0, 4] the function is linear and in the interval [4, 12] the function 
is parabolic which is tangent to x-axis at point Q.

Exercise 4.3 (Group exercise- to be presented on 19.04.07) 

a. Determine the coordinate of point P(x,y) and then describe the probability density function.
b.    Describe and draw the cumulative distribution function of X with some characteristic numbers in the figure.
c.     Calculate the mean value of  X.
d.     Calculate P[X>4].
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Exercise 4.3 (Group exercise- to be presented on 19.04.07) 

a. Determine the coordinate of point P(x,y) and describe the probability density function.

Steps:

• Define the pdf in the interval 
[0,12]

• Find coordinates of P by 
remembering that the area 
under the density function is 
equal to 1!
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Exercise 4.3 (Group exercise- to be presented on 19.04.07) 

b. Describe and draw the cumulative distribution function of  X with some characteristic 
numbers in the figure.

Steps:

1.

2. Draw…!

( ) 1Xf x dx
Ω

=∫
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Exercise 4.3 (Group exercise- to be presented on 19.04.07) 

c. Calculate the mean value

Steps (Remember Exercise 4.2):

1. ]x E xμ ⎡= ⎣
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Exercise 4.3 (Group exercise- to be presented on 19.04.07) 

d. Calculate P[X>4].

Steps (Remember Exercise 4.2):

Exceedance probability P[X>α] is

1. [ 4] 1 [ 4]P X P X> = − ≤

How can this be 
expressed???

[ ]α− ≤1 P X


