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C t t  f T d '  L tContents of Today's Lecture

• F l ti  f t t l l t• Formulation of structural elements

Beam and axis-symmetric shell elements
- Straight beam elementsStraight beam elements
- General curved beam elements
- Transition elements
- Axis-symmetric shell elements
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F l ti f St t l El tFormulation of Structural Elements

I t d tiIntroduction:

Previously we considered beam elements in which we 
neglected the shear deformations (Bernoulli beams)neglected the shear deformations (Bernoulli beams).

There are drawbacks of this approach:

- Its generalization to shells and plates is difficult, as it is 
difficult to satisfy continuity requirements to 
displacements and rotations (rotations are calculated from displacements and rotations (rotations are calculated from 
transverse displacements).  

- Using flat elements to represent shells and plates - Using flat elements to represent shells and plates 
necessitates a large number of elements to represent the 
geometry sufficiently accurately.
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F l ti f St t l El tFormulation of Structural Elements

I t d tiIntroduction:

We will now consider beam, shell and plate elements 
where we take into account the shear deformationswhere we take into account the shear deformations.

Furthermore we will apply iso-parametric formulations 
allowing for the accurate representation of general curved allowing for the accurate representation of general curved 
shell geometries.

S  i  k  i  id i  h  i h  b  l  Start is taken in considering the straight beam element –
whereafter the concepts are applied for also shell and plate 
elements.
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F l ti f St t l El tFormulation of Structural Elements

St i ht b  l t  N l ti  h  ff tStraight beam elements: Neglecting shear effects

dw
dx Neutral axisdx

Element 1

Element 2
Neutral axis

w wBeam section

x x
B d diti b t l tBoundary conditions between elements

0 0  ;   dw dww w
d d− += =

Bernoulli beam theory

- continuity in: dww
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0 0
0 0

;
x x

x xdx dx+
− +

continuity in: ,w
dx
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F l ti f St t l El tFormulation of Structural Elements

St i ht b  l t  I l di  h  ff tStraight beam elements: Including shear effects

d Neutral axis

γ dw
dx

β γ= −

dw
dx

Element 1

Element 2
Neutral axis

w wBeam section

x x
B d diti b t l tBoundary conditions between elements

0 0 0 0 ;   w w β β− + − += =
A plane section originally normal to the 
neutral axis remains plane – but does not 

i l t th t l i !
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0 0 0 0;
x x x x

β β+ +remain normal to the neutral axis!
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F l ti f St t l El tFormulation of Structural Elements

St i ht b  l t  I l di  h  ff tStraight beam elements: Including shear effects

The total rotation of a plane normal dw
d

Neutral axis

γ dw
dx

β γ= −

to the neutral axis becomes dx

w Beam sectiond
x

wdw
dx

β γ= −

Tangent rotation

Constant shear strain
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F l ti f St t l El tFormulation of Structural Elements

St i ht b  l t  I l di  h  ff tStraight beam elements: Including shear effects

The shear strain is assumed constant dw
d

Neutral axis

γ dw
dx

β γ= −

over an equivalent cross sectional area dx

w Beam section
Equivalent shear area

x

w

;    ;     SAV k
A G A

ττ γ= = =
A G A

The shear correction factor k can be assessed by requiring 
th t th  h   d  t   t t t   A t that the shear energy due to a constant stress on AS must 
be equal to the energy from the actual varying stress 
(from beam theory)
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F l ti f St t l El tFormulation of Structural Elements

T di i l b  l tTwo-dimensional beam elements:

p m

hx

For this beam (including shear strains) the principle of 

bL
o t s bea ( c ud g s ea st a s) t e p c p e o

virtual work gives:

L L L Ld d dw dwβ β⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞∫ ∫ ∫ ∫
0 0 0 0

d d dw dwEI dx GAk dx pwdx m dx
dx dx dx dx
β β β β β

⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞+ − − = +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠
∫ ∫ ∫ ∫
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F l ti f St t l El tFormulation of Structural Elements

T di i l b  l t
h

p m

Two-dimensional beam elements:

L L L Ld d dw dwEI dx GAk dx pwdx m dxβ β β β β
⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞+ − − = +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟∫ ∫ ∫ ∫

bL

x

Using now the interpolations:

0 0 0 0

EI dx GAk dx pwdx m dx
dx dx dx dx

β β β+ = +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠
∫ ∫ ∫ ∫

;
q q

i i i iw h w hβ β= =∑ ∑Using now the interpolations:
1 1

;     i i i i
i i

w h w hβ β
= =
∑ ∑

we can write:

ˆ ˆ;w ββ= =H u H u
1 2 1 2ˆ , ,...  , ,...T

q qw w w θ θ θ⎡ ⎤= ⎣ ⎦
⎡ ⎤

u
;     

ˆ ˆ;     

w

w

w

w
x x

β

β

β

β∂ ∂
= =

∂ ∂

H u H u

B u B u
1 2

1 2

, ,...    0 ,0 ,...0

0 ,0 ,...0    , ,...

w q

q

h h h

h h h

hh h

β

⎡ ⎤= ⎣ ⎦
⎡ ⎤= ⎣ ⎦

∂⎡ ⎤∂ ∂

H

H

1 1 2

1 1 2

, ,...    0 ,0 ,...0

0 0 0

q
w

q

hh hJ
r r r

hh hJ

−

−

∂⎡ ⎤∂ ∂
= ⎢ ⎥∂ ∂ ∂⎣ ⎦

∂⎡ ⎤∂ ∂
⎢ ⎥

B

B
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1 1 20 ,0 ,...0    , ,... qJ
r r rβ = ⎢ ⎥∂ ∂ ∂⎣ ⎦

B
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F l ti f St t l El tFormulation of Structural Elements

T di i l b  l t
h

p m

Two-dimensional beam elements:

L L L Ld d dw dwEI dx GAk dx pwdx m dxβ β β β β
⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞+ − − = +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟∫ ∫ ∫ ∫

bL

x

We can now assemble the element matrixes:

0 0 0 0

EI dx GAk dx pwdx m dx
dx dx dx dx

β β β+ = +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠
∫ ∫ ∫ ∫

1 1

det ( ) ( )detT T T T T
w wEI Jdr GAk Jdrβ β β β= + − −∫ ∫K B B B H B H

1 1
1 1

( ) ( )

det det

w w

T T
W p Jdr m Jdr

β β β β

β

− −

= +

∫ ∫

∫ ∫R H H
1 1

det detW p Jdr m Jdrβ
− −

+∫ ∫R H H
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F l ti f St t l El tFormulation of Structural Elements

T di i l b  l t
h

p m

Two-dimensional beam elements:

The element we just derived is however only 

bL

x

j y
recommendable if we use 3 of 4 node elements and provided
that the interior nodes are located at the midpoint or third 
points respectively – the reason for this is shear locking

To appreciate this phenomena we consider the total 
potential for a beam including the potential due to shear 
stresses 

Method of Finite Elements 1
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F l ti f St t l El tFormulation of Structural Elements

T di i l b  l t
h

p m

Two-dimensional beam elements:

The total potential can be written as:

bL

x

p

22L L L LEI d GAk dwdx dx pwdx m dxβ β β⎛ ⎞ ⎛ ⎞Π = + − − +⎜ ⎟ ⎜ ⎟∫ ∫ ∫ ∫
0 0 0 02 2

dx dx pwdx m dx
dx dx

β βΠ + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫ ∫ ∫

The relative contribution from the bending and shear strain g
energies can be written as:

22L Ld GAk dwβ⎛ ⎞ ⎛ ⎞

0 0

d GAk dwdx dx
dx EI dx
β β⎛ ⎞ ⎛ ⎞Π = + −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠∫ ∫
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F l ti f St t l El tFormulation of Structural Elements

T di i l b  l t
h

p m

Two-dimensional beam elements:

By study of this expression for different geometries it is 

bL

x

y y p g
evident that for small h the element must be able to represent
zero shear strain conditions

22L Ld GAk dβ⎛ ⎞ ⎛ ⎞

0 0

L Ld GAk dwdx dx
dx EI dx
β β⎛ ⎞ ⎛ ⎞Π = + −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠∫ ∫

In such situations this term must 
be able to approach zero as well

For 0 0 (but to the power of 3 - much faster!)h I→ →

If elements are not able to represent zero shear strain conditions –

Method of Finite Elements 1

we are dealing with shear locking – the element is too stiff!
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F l ti f St t l El tFormulation of Structural Elements

T di i l b  l tTwo-dimensional beam elements:

To study the phenomenon of shear locking lets consider a small 
example:example:

L
M

Linear interpolations may 
be established as:M

θ2wθ 1w

be established as:

2 2
1 1,       

2 2
r rw wβ θ+ +

= =

2θ1θ
0r =1r = − 1r =r

2 2

Only if: 0w θ= =
The shear strains are thus:

1 2
2

1wdw dw dw dr rJγ β β β θ− +
= − = − = − = −

Only if: 2 2 0w θ= =

Method of Finite Elements 1

22
J

dx dr dr dx L
γ β β β θ
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F l ti f St t l El tFormulation of Structural Elements

T di i l b  l t

M

θ2wθ 1w
Two-dimensional beam elements:

However, we may impose the requirement that the shear 
strains are zero only at mid point:

2θ1θ
0r =1r = − 1r =r

strains are zero only at mid point:

2
2

10
2

w
L

γ θ= = − At midpoint !

2 22
Lw θ=

2L

2

This points to the idea that we could have assumed a 
t t h  t i  l tconstant shear strain equal to

2
2

1
2

w
L

γ θ= − Mixed interpolation between displacements
d t ti

Method of Finite Elements 1

22L
γ

and rotations
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F l ti f St t l El tFormulation of Structural Elements

T di i l b  l t

M

θ2wθ 1w
Two-dimensional beam elements:

Thus more generally we might extend this approach:

2θ1θ
0r =1r = − 1r =r

1

q

i i
i
q

w h w
=

= ∑

1
1

q

i i
i
q

hβ θ
=

−

= ∑
DI dw⎛ ⎞

By displacement interpolation

1
i

q
DI

i G
i

hγ γ∗
=

= ∑
i

i

DI

G
G

dw
dx

γ β⎛ ⎞= −⎜ ⎟
⎝ ⎠

i‘th Gauss-point
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F l ti f St t l El tFormulation of Structural Elements

T di i l b  l tTwo-dimensional beam elements:

Thus we get for 2, 3 and 4 node elements:

1 constant,  corresponds to 0G rγ =

r

1 2
1  linear, ,G  correspond to 
3

G rγ = ±

r

1 2 3

1 2 3 second order, ,G  and  

3d t d 0

G Gγ

±

Method of Finite Elements 1

r correspond to  and 0
5

r r= ± =
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F l ti f St t l El tFormulation of Structural Elements

T di i l b  l tTwo-dimensional beam elements:

Using mixed interpolation for the shear strains greatly 
improves the performance of the element:improves the performance of the element:

In addition – the stiffness matrix can still be calculated 
exactly for what concerns the bending strain contributions exactly for what concerns the bending strain contributions 
(full integration) and then simply add the terms from the 
shear strains using the Gauss integration 
(mid point for a two node element)  (mid point for a two node element)  

This is sometimes referred to as reduced integration!

Method of Finite Elements 1
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F l ti f St t l El t 2bFormulation of Structural Elements

G l d b  l t 1b
2

2a
General curved beam elements:

1
1a

1b

,t ζ ,s ξ

,r η

0 1V

zθ

,z w

, ,
1 1 1

( , , )
2 2

( , , )
2 2

q q q
k k

k k k k t x k k s x
k k k
q q q

k k
k k k k t y k k s y

t sx r s t h x a h V b h V

t sy r s t h y a h V b h V

= = =

= + +

= + +

∑ ∑ ∑

∑ ∑ ∑ 0 1V

0 1
sV

yθ
,x u

,y v
xe ye
ze

, ,
1 1 1

, ,
1 1 1

( , , )
2 2

( , , )
2 2

k k k k t y k k s y
k k k

q q q
k k

k k k k t z k k s z
k k k

y y

t sz r s t h z a h V b h V

= = =

= = =

= + +

∑ ∑ ∑

∑ ∑ ∑

tV

xθ

( , , ), ( , , ), ( , , ) :  Cartesian coordinates at any point in the beam
: Cartesian coordinates at nodal pointk k k

x r s t y r s t z r s t
x y z k

, ,

, , :                             Cartesian coordinates at nodal point 

, :                                
k k k

k k
t z s z

x y z k

V V  Normal vectors to the neutral axis of the beam (normal to each other) 
, :                                       Cross sectional dimansions at nodal points
0 ( d f d fi ti ) 1 (d f

k ka b
d fi ti )

Method of Finite Elements 1

=0 (undeformed configuration), =1 (deformed configuration)
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F l ti f St t l El tFormulation of Structural Elements

G l d b  l t

1b
2

2a

,t ζ ,s ξ

,r η

General curved beam elements:

The displacement components are found as: zθ

,z w

1
1a

,ζ

0 1
sV

q q qt s

1 0

1 0

( , , )
( , , )
u r s t x x
v r s t y y

= −

= − xθ

yθ
,x u

,y v
xe ye
ze0 1

tV, ,
1 1 1

, ,

( , , )
2 2

( , , )
2 2

q q q
k k

k k k k t x k k s x
k k k

q q q
k k

k k k k t y k k s y

t su r s t h u a h V b h V

t sv r s t h v a h V b h V

= = =

= + +

= + +

∑ ∑ ∑

∑ ∑ ∑
1 0

( )
( , , )

y y
w r s t z z= −

1 1 1

, ,
1 1 1

2 2

( , , )
2 2

k k k
q q q

k k
k k k k t z k k s z

k k k

t sw r s t h w a h V b h V

= = =

= = =

= + +∑ ∑ ∑

⎡ ⎤
1 0

, , ,

1 0
, , ,

k k k
t x t x t x

k k k
t y t y t y

V V V

V V V

= −

= −

1 0
, , ,

1 0
, , ,

k k k
s x s x s x

k k k
s y s y s y

V V V

V V V

= −

= −

0

0

k k
t k t
k k
s k s

= ×

= ×

V θ V

V θ V

0

, , ,

det
x y z

k k k k
k t x y z

k k k
t x t y t z

e e e

V V V
θ θ θ
⎡ ⎤
⎢ ⎥× = ⎢ ⎥
⎢ ⎥⎣ ⎦

θ V

1 0
, , ,
k k k
t z t z t zV V V= − 1 0

, , ,
k k k
s z s z s zV V V= − k

x
k

k y
k

θ
θ
θ

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

θ
0

, , ,

det
x y z

k k k k
k s x y z

k k k
s x s y s z

e e e

V V V
θ θ θ
⎡ ⎤
⎢ ⎥× = ⎢ ⎥
⎢ ⎥⎣ ⎦

θ V

Method of Finite Elements 1

zθ⎢ ⎥⎣ ⎦ , , ,y⎣ ⎦



Swiss Federal Institute of Technology Page 22

F l ti f St t l El tFormulation of Structural Elements

G l d b  l t
1

1a

1b
2

2a

,t ζ ,s ξ

,r η

0 1General curved beam elements:

The displacement interpolation matrix H is
found by inserting:

zθ

,z w

ze

1

0 1V

0 1
sV

found by inserting:

xθ

yθ
,x u

,y v
xe ye
ztV

0

0

k k
t k t
k k

= ×

= ×

V θ V

V θ V

k
x
k

k y
k

θ
θ
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥

θ

into:

s k s= ×V θ V k
zθ⎢ ⎥⎣ ⎦

, ,
1 1 1

( , , )
2 2

q q q
k k

k k k k t x k k s x
k k k

t su r s t h u a h V b h V
= = =

= + +∑ ∑ ∑

, ,
1 1 1

( , , )
2 2

( )

q q q
k k

k k k k t y k k s y
k k k

q q q
k k

t sv r s t h v a h V b h V

t sw r s t h w a h V b h V

= = =

= + +

= + +

∑ ∑ ∑

∑ ∑ ∑

Method of Finite Elements 1

, ,
1 1 1

( , , )
2 2k k k k t z k k s z

k k k
w r s t h w a h V b h V

= = =

= + +∑ ∑ ∑



Swiss Federal Institute of Technology Page 23

F l ti f St t l El tFormulation of Structural Elements

G l d b  l t
1

1a

1b
2

2a

,t ζ ,s ξ

,r η

0 1V
General curved beam elements:

For the beam only the longitudinal strain and 
the transversal shear strains are required:

zθ

,z w

ze0 1
tV

sV

the transversal shear strains are required:

xθ

yθ
,x u

,y v
xe ye

ˆ
q

k k

ηη

ηξ

ε
γ
⎡ ⎤
⎢ ⎥ =⎢ ⎥ ∑B u [ ]ˆ    T

k k k k k k ku v w θ θ θ=u

and

1
k k

k
ηξ

ηζ

γ
γ =
⎢ ⎥
⎢ ⎥⎣ ⎦

∑ [ ]k k k k k k k

1 q⎡ ⎤= ⎣ ⎦B B Bq⎣ ⎦

Method of Finite Elements 1
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F l ti f St t l El tFormulation of Structural Elements

G l d b  l t
1

1a

1b
2

2a

,t ζ ,s ξ

,r η

0 1V
General curved beam elements:

In order to evaluate the components of B
we must take the derivatives of H following

zθ

,z w

ze0 1
tV

sV

we must take the derivatives of H following
the usual procedure for iso-parametric elements:

xθ

yθ
,x u

,y v
xe ye

( , , )
1 ( ) ( ) ( ) ( )k k kk

u v w h g g g u v w
∂⎡ ⎤ ∂⎡ ⎤⎡ ⎤⎢ ⎥ ⎡ ⎤∂ ⎣ ⎦⎢ ⎥1 2 3

1 2 3
1

1 2 3

1 ( ) ( ) ( ) ( , , )
( , , ) ˆ ˆ ˆ    0 ( ) ( ) ( ) ,          

    0 ( ) ( ) ( )( )

i i i k
kq
xk k k

k i i i k
k y

k k k k
k i i i

g g g u v wr ir
u v w h g g g
s

h g g gu v w

θ
θ
θ

=

⎡ ⎤⎢ ⎥ ⎡ ⎤∂ ⎣ ⎦⎢ ⎥∂⎢ ⎥ ⎢ ⎥⎢ ⎥∂⎢ ⎥ ⎢ ⎥⎡ ⎤= ⎢ ⎥⎣ ⎦⎢ ⎥ ⎢ ⎥∂ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎡ ⎤⎢ ⎥∂ ⎣ ⎦⎢ ⎥ ⎣ ⎦

∑
1 for 
2 for 
3 for 

u
i v
i w

=
=
=

1 2 3( ) ( ) ( )( , , ) k i i i z
g g gu v w

t
θ⎡ ⎤⎢ ⎥∂ ⎣ ⎦⎢ ⎥ ⎣ ⎦⎢ ⎥⎣ ⎦⎢ ⎥∂⎣ ⎦

0 0 0 0
, , , ,

0 0 0 0

0 0k k k k
s z s y t z t y

k k k k k k

V V V V
b a
⎡ ⎤ ⎡ ⎤− −
⎢ ⎥ ⎢ ⎥0 0 0 0

, , , ,
0 0 0 0

, , , ,

ˆ( ) 0 ,        ( ) 0
2 2

0 0

k k k k k kk k
s z s x t z t x
k k k k
s y s x t y t x

b aV V V V
V V V V

⎢ ⎥ ⎢ ⎥= − − = − −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

g g

Method of Finite Elements 1

ˆ( ) ( ) ( )k k k
ij ij ijg s g t g= +
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F l ti f St t l El tFormulation of Structural Elements

G l d b  l t
1

1a

1b
2

2a

,t ζ ,s ξ

,r η

0 1V
General curved beam elements:

Now we may transform into the global 
coordinate system:

zθ

,z w

ze0 1
tV

sV

coordinate system:

xθ

yθ
,x u

,y v
xe ye

1
11 1 1 1

( , , ) ( 1) ( 2) ( 3)k k kk
i i i

hu u v w J G G G u
−⎡ ⎤ ∂∂ ⎡ ⎤

⎢ ⎥ ⎢ ⎥ ⎡ ⎤∂∂ 11 1 1 1

1
21 2 2 2

1

1

( , , ) ( 1) ( 2) ( 3) ,          

( )

i i i
k
kq
xk k kk

i i i k
k y

k
k k kk

urx i
hu v w J G G G

y r
hu v w

θ
θ
θ

−

=

⎢ ⎥ ⎢ ⎥ ⎡ ⎤∂∂⎢ ⎥ ⎢ ⎥ ⎢ ⎥∂∂⎢ ⎥ ⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥ ⎢ ⎥∂ ∂
⎢ ⎥ ⎢ ⎥ ⎢ ⎥∂∂⎢ ⎥ ⎢ ⎥ ⎣ ⎦

∑
1 for 
2 for 
3 for 

u
i v
i w

=
=
=

1
31 3 3 3

( , , ) ( 1) ( 2) ( 3)k k kk z
i i i

hu v w J G G G
rz

θ− ∂∂⎢ ⎥ ⎢ ⎥ ⎣ ⎦
⎢ ⎥ ⎢ ⎥∂⎣ ⎦∂⎣ ⎦

where

1 1 1
1 2 3ˆ( ) ( ) ( ) ( )k k k kk

in n mi n mi n mi k
hGm J g J g J g h− − −∂⎡ ⎤ ⎡ ⎤= + +⎣ ⎦ ⎣ ⎦∂

Method of Finite Elements 1
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General curved beam elements:

Finally all we need is the strain-stress matrix:

zθ

,z w

ze0 1
tV

sV

xθ

yθ
,x u

,y v
xe ye

0 0
0 0
E

Gk
ηη ηη

ηξ ηξ

τ ε
τ γ
⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥=⎢ ⎥ ⎢ ⎥⎢ ⎥

where k is the shear correction factor

0 0 Gk
ηξ ηξ

ηζ ηζτ γ
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦

Method of Finite Elements 1
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General curved beam elements: Example

We consider the following simple beam:

zθ

,z w

ze0 1
tV

sV

xθ

yθ
,x u

,y v
xe ye

2
3
L

3
L

hx

y

z
1 23

s

rt

P

3 L∑
1.0b =

x r

2
L

2
L

2

1
2 3 1x xh = − +

1
,          (1 )

2i i
i

Lx h x x r
=

= = +∑

2 2

1v 2v 3v

1 2

2

2 2

2

1

2

4 4

h
L L
x xh
L L

+

= −

Method of Finite Elements 1

1θ 2θ 3θ
2

3 2

4 4x xh
L L

= −
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General curved beam elements: Example

We consider the following simple beam:

zθ

,z w

ze0 1
tV

sV

xθ

yθ
,x u

,y v
xe ye

0 0

0 0
k k

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥y P

2
3
L

3
L

0 01 ,      0 ,          =1;  = ;    1, 2,3 
0 1

k k
s t k ka b h k⎢ ⎥ ⎢ ⎥= = =⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

V V

q q q
k kt s∑ ∑ ∑

h

1 0b =

x

y

z
1 23

s

rt

P

, ,
1 1 1

, ,
1 1 1

( , , )
2 2

( , , )
2 2

k k
k k k k t x k k s x

k k k
q q q

k k
k k k k t y k k s y

k k k

t sx r s t h x a h V b h V

t sy r s t h y a h V b h V

= = =

= = =

= + +

= + +

∑ ∑ ∑

∑ ∑ ∑

1.0b =

2
L

2
L

1v 2v 3v

3
0 0 0 0s th h∑

, ,
1 1 1

( , , )
2 2

q q q
k k

k k k k t z k k s z
k k k

t sz r s t h z a h V b h V
= = =

= + +∑ ∑ ∑
1θ 2θ 3θ

Method of Finite Elements 1

0 0 0 0

1

,   ,   
2 2k k

k

x h x y h z
=

= = =∑
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General curved beam elements: Example

We consider the following simple beam:

h

1.0b =

xz
1 23

rt

2
L

2
L

0 det
0 0 1

x y z
k k k k k k k
t k t x y z y x x y

e e e
e eθ θ θ θ θ

⎡ ⎤
⎢ ⎥= × = = −⎢ ⎥
⎢ ⎥⎣ ⎦

V θ V

1v 2v 3v

1θ 2θ 3θ

0

0 0 1

det
0 1 0

x y z
k k k k k k k
s k s x y z z x x z

e e e
e eθ θ θ θ θ

⎢ ⎥⎣ ⎦
⎡ ⎤
⎢ ⎥= × = = −⎢ ⎥
⎢ ⎥⎣ ⎦

V θ V

as we consider a 2-dimensional beam there is:

0 1 0⎢ ⎥⎣ ⎦

0 0,    k k k k k
x y t s z xeθ θ θ= = ⇒ = =V V

Method of Finite Elements 1
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General curved beam elements: Example

Furthermore we have that only 

h

1.0b =

xz
1 23

rt

2
L

2
L

displacements in the y-direction are 
possible

1v 2v 3v

1θ 2θ 3θ

, ,
1 1 1

( , , )
2 2

q q q
k k

k k k k t x k k s x
k k k

q q q

t su r s t h u a h V b h V

t s
= = =

= + +∑ ∑ ∑
( , )

2

q
k

k z
shu r s h θ= ∑

, ,
1 1 1

, ,
1 1 1

( , , )
2 2

( , , )
2 2

q q q
k k

k k k k t y k k s y
k k k

q q q
k k

k k k k t z k k s z
k k k

t sv r s t h v a h V b h V

t sw r s t h w a h V b h V

= = =

= = =

= + +

= + +

∑ ∑ ∑

∑ ∑ ∑

1

1

2

( )

k
q

k k
k

v r h v

=

=

=∑

Method of Finite Elements 1
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General curved beam elements: Example
Now we proceed to take the derivatives
to develop the B matrix

h

1.0b =

xz
1 23

rt

2
L

2
L

to develop the B matrix

3 31

1

 1  ( )
,   0

0 ( )

kk
k

kk
kk z

u h g ur r u
u h θ=

∂⎡ ⎤ ∂⎡ ⎤⎡ ⎤⎢ ⎥ ⎡ ⎤⎣ ⎦∂ ⎢ ⎥∂= =⎢ ⎥ ⎢ ⎥⎢ ⎥∂ ⎣ ⎦⎢ ⎥ ⎡ ⎤⎢ ⎥⎣ ⎦
∑ 0 0

, ,0 k k
t z t yV V⎡ ⎤−

⎢ ⎥

1v 2v 3v

1θ 2θ 3θ

1
31

3

    0   ( )

( )

kk z
k

kk

h g
s

u h g

⎣ ⎦⎢ ⎥ ⎡ ⎤⎢ ⎥⎣ ⎦⎣ ⎦⎢ ⎥∂⎣ ⎦
⇓

∂⎡ ⎤ ∂⎡ ⎤⎢ ⎥∂ ⎢ ⎥

0 0
, ,

0 0
, ,

( ) 0
2

0

k k kk
t z t x
k k
t y t x

a V V
V V

⎢ ⎥= − −⎢ ⎥
⎢ ⎥−⎣ ⎦

g

3
31

1
31

( )  

( )     

k
z

k k
k

gr r
u h g
s

θ
=

⎢ ⎥∂ ⎢ ⎥= ∂⎢ ⎥ ⎢ ⎥∂⎢ ⎥ ⎢ ⎥⎣ ⎦⎢ ⎥∂⎣ ⎦

∑

0
31 ,( )

2 2
k k

t y
h hg V= − = −

( ) ( )k k
ij ijg s g=

0
31 31 ,

2 2

ˆ( ) ( )
2 2

k k k
t y

h hg s g s V s= = − = −

3 2
k

k
z

u hsh
r r θ

∂ ∂−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥∂ ∂=⎢ ⎥ ⎢ ⎥∑

Method of Finite Elements 1

1

2

z
k

k
u h h
s

=
⎢ ⎥ ⎢ ⎥
∂ −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥∂ ⎣ ⎦⎣ ⎦

∑
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General curved beam elements: Example
Now we proceed to take the derivatives
to develop the B matrix

h

1.0b =

xz
1 23

rt

2
L

2
L

to develop the B matrix

3 32 0
32 32

1   ( )  
,      ( ) 0,   ( ) 0

kk
k k k k

t xk

v h g vr r g V g
θ

∂⎡ ⎤ ∂⎡ ⎤⎡ ⎤⎢ ⎥ ⎡ ⎤⎣ ⎦∂ ⎢ ⎥∂= = − = =⎢ ⎥ ⎢ ⎥⎢ ⎥∑

1v 2v 3v

1θ 2θ 3θ

32 , 32
1

32

, ( ) , ( )
  0    ( )     

t xk
kk z

k

g g
v h g
s

θ=
⎢ ⎥ ⎢ ⎥⎢ ⎥∂ ⎣ ⎦⎢ ⎥ ⎡ ⎤⎢ ⎥⎣ ⎦⎣ ⎦⎢ ⎥∂⎣ ⎦
⇓

∂⎡ ⎤

∑

[ ]

[ ]

3

1

1     0  

  0     0     

k
k
k

k z
k

v h
vr r

v h
s

θ=

∂⎡ ⎤ ∂⎡ ⎤⎢ ⎥ ⎡ ⎤∂ ⎢ ⎥∂= =⎢ ⎥ ⎢ ⎥⎢ ⎥∂ ⎣ ⎦⎢ ⎥ ⎢ ⎥⎣ ⎦⎢ ⎥∂⎣ ⎦

∑
3

1

0

k

k k

h
vr=

∂⎡ ⎤
⎢ ⎥∂⎢ ⎥
⎢ ⎥⎣ ⎦

∑

s∂⎣ ⎦

Method of Finite Elements 1
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General curved beam elements: Example
The next step is to transform into global 
coordinates

h

1.0b =

xz
1 23

rt

2
L

2
L

coordinates

1−∂ ∂
=

∂ ∂
J

x r

1v 2v 3v

1θ 2θ 3θ

x y
r r
x y

∂ ∂⎡ ⎤
⎢ ⎥∂ ∂= ⎢ ⎥
∂ ∂⎢ ⎥

J 0
2
L⎡ ⎤
⎢ ⎥

1 0⎡ ⎤
⎢ ⎥y

s s
⎢ ⎥
⎢ ⎥∂ ∂⎣ ⎦

(1 )
2
Lx r= +

2

0
2
h

⎢ ⎥
= ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

J 1
0

2
10

L

h

−
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

J

( )
2

(1 )
2
hy s= +

Method of Finite Elements 1
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General curved beam elements: Example
The next step is to transform into global 
coordinates

h

1.0b =

xz
1 23

rt

2
L

2
L

coordinates

3

1

2
k

k
z

k
k

u hsh
r r
u h h

θ
=

∂ ∂−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥∂ ∂=⎢ ⎥ ⎢ ⎥
∂ −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

∑ 1−∂ ∂
=

∂ ∂
J

x r

1v 2v 3v

1θ 2θ 3θ

1

1 0
2

10

L−

⎡ ⎤
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥

J
3

1

2

0

k

k

k k

h
s
v h
r vr
v =

⎢ ⎥ ⎢ ⎥∂ ⎣ ⎦⎣ ⎦
∂⎡ ⎤ ∂⎡ ⎤⎢ ⎥∂ ⎢ ⎥= ∂⎢ ⎥ ⎢ ⎥∂⎢ ⎥ ⎢ ⎥⎣ ⎦

∑
0

h⎢ ⎥⎣ ⎦0
s

⎢ ⎥ ⎢ ⎥⎣ ⎦⎢ ⎥∂⎣ ⎦

Now we can form 
3

3

1
1

2
,           

0

kk
k

kz k
k

k

u v hhsh
x x vL rL ru v

h
y y

θ =
=

∂ ∂⎡ ⎤ ⎡ ⎤ ∂⎡ ⎤∂⎡ ⎤⎢ ⎥ ⎢ ⎥−∂ ∂ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥= = ∂∂ ⎢ ⎥⎢ ⎥∂ ∂⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎢ ⎥ ⎢ ⎥∂ ∂⎣ ⎦ ⎣ ⎦

∑∑
the element matrixes 
as usual

Method of Finite Elements 1
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General curved beam elements: Example
The stiffness matrix is found from:

h

1.0b =

xz
1 23

rt

2
L

2
L

1 1 0E ηηε⎡ ⎤⎡ ⎤
⎡ ⎤∫ ∫

1v 2v 3v

1θ 2θ 3θ

1 1

0
det  

0
E

dsdr
Gk

ηη
ηη ηζ

ηζ

ε γ
γ

− −

⎡ ⎤⎡ ⎤
⎡ ⎤= ⎢ ⎥⎢ ⎥⎣ ⎦

⎣ ⎦ ⎣ ⎦
∫ ∫K J

Method of Finite Elements 1
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Transition element

It is interesting to notice that the structural elements
can be derived from the continuum elements by imposition 
of the deformation assumptions (degeneration)of the deformation assumptions (degeneration)

This result facilitates the development of transition p
element between continuum elements and structural 
elements 

Method of Finite Elements 1
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Axi-symmetric shell element

This element can be constructed from the iso-parametricThis element can be constructed from the iso parametric
beam element (the 2-dimensional case; movements in the 
x,y-plane) ,y v

The stress-strain matrix must
then be ammended by a row 
corresponding to the hoop Axis of 2vp g p
strain – and the stress-strain 
law must include a term 
coupling between the hoop ,x u

Axis of 
revolution

2u

2v

2θ

and the r-direction and ensuring 
that the stress in the s-direction is equal to zero

h ( l d i )

Method of Finite Elements 1

K.J. Bathe (Example 5.9 and Exercise 5.41)


