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Plate and general shell element

Shell element definition

No stiffness

Ox u

Shel! element Plate element Plane stress element

T,, = 0 (stress perpendicular to the midsurface)



Plate and general shell element

Content

- Formulation of the plane stress element

- Formulation of the plate element

- Rotational stiffness perpendicular to the element surface

- The patch test and the incompatible displacement modes

- The general shell element



Plate and general shell element

Plane stress element (4 nodes)

v, Vi Linear static analysis

Stiffness matrix (K)

v, _ _

T i Kip Kig » Kiz  Kig
- - .3 4. . K22 ::23 « o« Kyr o Kyg
V, K= 33 y
T symm K kg
y B Kes B
« 0" = [uy, Vq, Uy, V,, Ug, Vs, Uy, V]

FT = [Ful’ F I:u2’ I:v2' Fu3' |:v3' |:u4' |:v4]

\VAR



Plate and general shell element

Plane stress element (4 nodes)

-1<r<1 Displacement and Coordinate Interpolation

d1<s<1 u(r,s) = Zh, (r,s) y;

V, Vy
A As T A
u v(r,s) = Z h; (r,s) v,

h, = (1+r) (1+5) / 4
h, = (1-r) (1+s) / 4
Vy h, = (1-r) (1-s) / 4

h, = (1+r) (1-s) / 4




Plate and general shell element

Target: Volume evaluated in natural coordinates
K=IBTCBdV dV = det J dr ds dt
Vv

K=IFdrdsdt where F = B7CB det J
v

by using numerical integration instead of explicit integration,

K= E t,ayF; Wwhere t; = thickness at the integration point
h a5 = weighting factor

F; = BjCB, det J,

Integration points (r;, S;) to evaluate F;; of a 4-node plane stress element

s

-1<r<1

-1<s<1



Plate and general shell element

Matrixes J;; and B;;

, € =lex € Yol
<=5 _w_ _ao _ou v
€xx 6.|x' VY 3}" 71:].! ay ax
v o e
2 _2a s [a] [ex o][2
dx dr dx 9s 0x or _.ar ar || ox or £=J—?-
| | » | @ dx oay|| @ or “ox
| 95 | | 95 as] |9y l
Shape functions to calculate the Jacobian (J;) rﬁi_ ri_
: ax or
x(r,s) = X h, (r,8) X; = J;!
| 3 “1a
1 l - r=r . r=r;
a_i = i(l + s)x — i(l + §)x2 — Z(l — §x; + Z(l — §)Xa4 _6}’_ m,-,} _a.f_ n_,.;,;

au
ar

—
—4

Shape functions to interpolate displacements
4

u(r,s) = 21 h, (r,s) u;

1 1 1 1
Z(] + Sy — E(] + Hux — Z(l = Sus + Z(l — 8)uy



Plate and general shell element

du
ay

oK
ox

ay

B_u
ax

— au »
€x ox’
1 + 5 0
1 +r 0
0 1+ §;
0 1 + r;
= Bij

3x8
3x1

€ =[e: € 7]
_dv ou  dv

€yy 3 Yo = T

-
Q
]
2
=

0 ‘_(1+S_;) 0 —'(]—‘.5'_;) 0 l"'.i'j
0 1-rn 0 —-1—-rn 0 —-(1+r

* ﬁ;1=[u1 O H2 V2 W3 U3 Us V4]
X

Bjj evaluated at the integration points (r;,s;)

]

r.y

(



Plate and general shell element

Plane stress and isotropic material 1 v 0
E
_ . v 1 0
Material matrix C = 1 — 2
3x3 0 0 LV
h— 2 —

K= | B’CB aV

$x8 V8X3 3x3 3x8
V, Vi
A . .
T Stiffness matrix (K)
Uz Uy
— ¢ ® —
2 L i1 Kiz Kiz o Kiz  Kig
k22 k23 e o k27 k28
K - k33 . . .
8x8 . . .
Va symm k77 kg
T Keg
u3 3 4 U4 o
> @ . >
Va




Plate and general shell element

Calculation of stress r—l , 0 -
T E 1 D
T=Ce [l = 1o o
[7e k2 Tx,] l v 1 — v [€x € ?xy]
n 0 0
€ = B _ 2

Material matnx C

Strains and stresses are calculated at the integration points

9
(Th)impr, = E RiT") mean
=1

This example correspond to a 9-node
element with 3x3 Gauss points




Plate and general shell element

Plate bending element (4 nodes)

Wy ex1
e ex2 \ / eyl
\/ —

Ko=F

Stiffness matrix (K)

W3 \ B _
0 g I‘:lz EB SECI RN CTP
_ 22 K3+« Kog Koo
K= Kas |
0,3 symm Ky111 I;1112
B 1212
Z
y 0" = [Wy, 0,3, 0,1, Wy, 0,5, 8,5, W3, O,5, 8,5, Wy, 6,4, 6]
X FT = [le' Ilel' Ivlyl' Fzz' IVIXZ’ Myz’ Fzs’ Mx3’ Myg: Fz4; Mx4’ My4]



Plate and general shell element

Plate bending element (4 nodes)

-1<r<1
-1<s<1 Displacement, Rotation and Coordinate Interpolation
w(r,s) = X h; (r,s) w,
"']T 4
X Bu(r.s)=-Z by (1s) 6,
B,(r:s) = Th, (1) 6,
h, = (14r) (1+s) / 4
8, h,
o . B )
// u= —zp:(x, y); 9x v W _
6y xz
v = —zB,(x, y); &l = =2 9By ~|9*
(5, y) = v | -8
w = wix, — —
’ . g o8| L™ [ 7
e 3y ax




Plate and general shell element

f K'Cyk dA + I ¥TCy dA = J wp dA
A A A

!

Bending moment

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
.

)
ox

9B,

Area evaluated in natural coordinates

dA = det J dr ds

.
oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

d ar
or ox

8 os
as o0x

(1 + g

(1 +r)

.

» Shear force

c

Ehk

-9

.
oooooooooooooooooooooooooooooooooooooooooo

k (shear correction factor for rectangular
cross sections) = 5/6

1w 0
v 1 0

1 —v
_0 0 7 |
—(1+5s5) —(1 -3
1-r —-A-1r

)

-1+

—




Plate and general shell element

k(r,s) = B.a ¥(r, s) = B i a'=[w 6 0:w ... 6]
3x1 3x12 12x1 2x1 2x12 12x1 12x1

+1 +1
K=f I (BIC,B, + BIC,B. det J dr ds
12x12 Jy J-

1 12x3 3x3 3x12 12x2 2x2 2x12

B, and B, are valuated at the integration points (r;s;)

Wy ex1
W2 0. \ / O F =—K=*yu
\ — ext
12x1 12x12 12x1

+1 el
FeXt:J.;[ f: Hip detJ drds

Linear shape functions to interpolate area forces
@ H,=i1+n1+s 00 | ... 0]




Plate and general shell element

Shear locking elimination 4
w(r,s) = Z h, (r,;s) w,

Shear strains

B(r.5)= T h (r.) 0,

- - oW —
Yz JB— — B« Incorrect interpolation
X
— at the corner nodes _ 4
= ow B,(r.s) = 21 h, (r,s) 6,;
ksl I :
- - _ h, =1+r) (1+s)/ 4
h, ...
Correct evaluation that eliminates the shear locking A
in the 4-node plate bending element E
Yrz = Yrz SID B — Y SID € B S i_ _________ TP
Yoz = — %Y COS B + ¥ COS & |
c

where a and 3 are the angles between the r and x,axes and s and x axes.



Plate and general shell element

Shell element

~ Kz 0

No stiffness 2020 =L
0 Ky
88

Rotational stiffness perpendicular to
the element surface is not defined

- ~
Ky =%
=
0 0
44
Easy solution
ﬁf’ = mlgszn 0
0 kil
4x4

where k is about one-thousandth of the smallest diagonal element of I-:{s

One elegant solutions is to add a “real” rotational stiffness for 6,,

A. Ibrahimmbegovic, R. Taylor, L. Wilson. “A robust quadrilateral membrane
finite element with drilling degrees of freedom™. Int. J. Num. Met. Engr 1990:
30: 445-457.



Plate and general shell element

Patch elements to test the performance of the shell element

Test of the plane stress element

4. (0, 10) {10, 10} vo{"! = v - displacement T 2.74
at node 2 associated with Tyy=0.19
element 1, etc. Tey = 0.08
L\ 10.0 / N Tn‘-?b4:1
E=2.1x10° A vy ’ 222010
‘4; 7) 8.7 Ve 0:3 +— * 2 . 19 Tuy = 0.
’ Thickness = 1.0 V2 N /
X o= 0.08
. T = -0.58
= / Tyy = 0.02
10.0 . y }
/
Ty = -0.52 L
ty=-0.40 ~ |
(10, 0) 14 - X

1 N 10
\ Analytical solution:
- Tox= 344 1,=2.0

Tyy=004 1, =1,=00
ty=-0.18 "

It shows incompatibility of displacements

To overcome this deficiency, incompatible displacement modes are added



Plate and general shell element

Incompatible displacement modes

N v ax = [ﬁ] Displecement interpoletion functions
. 01—'}" “ u =$: hiuj + a1¢1 + axp
2 L 0 =[w ... wsivi ... v4 =
o =l ... a) V"_Z:‘Ihivf*-aaﬂ + Qa2
. L 4 [‘" . pr=(1-X; 02 =(1- )
> }u ’s — e=[B: BIC]I:'&']

Correction of the incompatible
Stiffness matrix (K) strain-displacement matrix

Bie¥ = Bic + BL
J’ B” CBy dv iC Bic ic
v

------------- MBS

j Bi: CByc dV 12x1 12x1
v
B -12x12

J B CB 4V
v

OO e e o e S o

Stiffness matrix (8x8) is obtained by applying static condensation

(kcc —Ker k' ki) w =R
8x8 8x1 8xl



Plate and general shell element

Higher order patch tests

R. L. Taylor, J. C. SIMO, O. C. Zienkiewicz, A. C. H. Chan. “The path test —
A condition for assessing FEM convergence”. Int. J. Num. Met. Engr 1986:

22: 39-62.

For the plane stress element

5t For the plate bending element
§ .
— . o
e W a1 loadl  Lead 2 | ;
- 8,
'L ‘

- : ; —T_

— E
& / » T-;ﬂ -1' | I
» . L 2, L
. . . B [‘5 - 10 . L e B

|9 Load 1 Load 2

"_-
-

i)




Plate and general shell element

General Shell element

Analysis of complex shell geometries

Shell midsurface

L w
q q
!

e ‘x(r, 5,0 = E h tx + = E avhy 'V,

k=1 2=

- q ¢ 3

/ % y','v f}'(ri 5, f)' = E h-i: e}'k + = 2 alhk fV'.tw

k=1 2 k=1

x, u

q
‘2(r, s, 1) = > h ‘7 +
k=1



Plate and general shell element

General Shell element

Coordinate interpolation

L

in plane4 ?; /j{ﬁ
r=1,s=1
-1<5t<1
Fort=1
X =X,

y=y; +0.5 * 0.8V0.2 * (-112)
z=12,+0.5 * 0.8V0.2 * (1/2)

q q
!
fx(rr S5, f) = E Ay tIk - E athj; tVfu-
k=1 2 k=1
q ¢ 3
£}'(r$ 5, f)' = E ht e}'k + = E ﬂkh;c ‘V,’:,,
k=1 2 k=
q P
f2(r, 5, 1) = > h 2 + 3 2 ahy ¢V,
k=1 k=1
0
Vi=| -1/V2
1/V2
Fort=-1
X =X,

y=y; +-0.5*0.8V0.2 * (-12)
z=12,+-0.5 * 0.8V0.2 * (1/2)



Plate and general shell element

General Shell element

Displacement interpolation

q q
u(r, s, 1) = E hyiy + L 2 arhy Vix

q 4
t
o(r,s,0) = > hox + = > ayh V¥,

k=1 2 k=1 Strain — displacement matrix B(r,s,t)
9 q
t 0 d dr 8 o5
V5 1) = 2 hwy + = hy VX —_—=—— ——
wir. s, 1) E KW 2?.'.:1 M dx odr dx 9s ox
L J;!
[ ou | [ Ohy 1

ar ﬂr[l tef: 1g5] U

ou _ 3}!1 X
Y E 3s [1 121 335.:] ai

%‘_: m [0 gt g4 B
B(r,s,t)




Plate and general shell element

Cu = QEL(

E

1 — v

Stress-strain law

General Shell element

T = Cahe€
0 0 |
0 0
0 0
0 0 )Q&h
1—vw
k 2 0
1 —v
k 2|
Qun =
where

I = cos (e, &);
L = cos (e,, &);

I; = cos (e,, e);

T _
= o T Ty

T _
€ = [e. €y €z Yuy

13 m} nt Lm,
f% m% n3 lymy
;3 m3 n3 Ism,

2Ll 2mims 2mn  lima + Lmy
21213 2mam; 2nyn; lzma + Ismz

_21311 2!?!3!?!1 2!13!!1 Z;ml +11M3

m; = cos (e,, e;);
my = cos (e,, €);

my = cos (e, €);

Tyz Tz.x]
Yyz sz]
mn
man;
msn;
mn; + mam

myny + man;
msan, + mns

n; = cos
n: = Cos
ny = cos

nlh_
nzb
nals
ml: + naly
naly + mh,
ml + mls]

(e, &)
(e., &)

(e, e)



Plate and general shell element

General Shell element
Shear locking

€ =¢,gg +&gg T &L +ge)t &g +ge) t ége +gT)

in-layer strains transverse shear strains
9-node shell element
1 1 1 1
I ¥3 | V3 ! P V8 | V3 |
IH_-H-‘-__-T :-d—h—-‘_ﬁ-:
NI | ! LS4
o A B | |
° L .
B 1
Components &, €. >— =i Component 1
1
; It
[ n----’--- -
. *——-}--
Tha h’are the 6-noda elament if
inte rp':al ation functions E:rg;?:teiot::%.lqr;ncg :::lemem

ta} MITC9 shell element



Plate and general shell element

Boundary conditions

zZ, W

X, U

For all nodes
T on this

¢ line, wg=0,
For all nodes on this line, k= .., ii+1i+d.
Up=Ve=Wr=0,k=.... 5L i+1,i+2, ..

Solid element Shell element



CONCLUSIONS

- To select properly plane stress, bending plate or shell.
- Compatibility of element degrees of freedom.

- Methodology to overcome shear locking.

- Evaluate the element performance of FEM programs or codes
using the patch tests.

- To use shell elements instead of 3D elements

- To use quadrilateral shell elements instead of triangular.
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