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Overview

- Defining nodes / Geometry

- Assembling Elements

- Isoparametric 4 node elements

- The local stiffness matrix

- Assembling global stiffness matrix

F
—

- Convergence and results

T
IRy
A

m

-
W=
NN

L]
L]
I

—
— |
—
|

[]
[1]
[1]

—]
— |
—1
—t
—

| | ]

——
—
—
|

|
|

—
——
—t—t |

T
|
|
[ [ 1]

AT
P T
T
P

I

il
RiSinin
[RIRIRINRRR
]

10.01.2007



ifblf

[3

Defining nodes /7 Geometry and Elements

- An efficient node numbering
reduces the bandwidth of the
stiffness matrix

- The elements can now be defined
using the node numbering

Element 1 = [1 4 5 2]

- Each node has two degrees of
freedom

Ay

1 4 7 10 13
[ ] [ ] [ ] [ ] [ ]
2 5 8 11 14
[ ] [ ] [ ] [ ] [ ]
3 6 9 12 15
[ ] [ ] [ ] [ ] [ ]
_(I:
R4
1 4 7 10 13
2 | s 3 8 5 |11 7 |14
3 2 g 4 o 6 |12 8 |i5
0 "X
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4 Node Isoparametric Elements
| Y Va V3
- T U4 T u3 -6—
- Here: rectangular bilinear element oomns 30
S
- rectangular T_; b

- 4 Nodes

- 8 Degrees of freedom

10.01.2007
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4 Node Isoparametric Elements

- Bilinear shape function

Q, :%(14)(1_3)

Q, :%(1”)(1_3)

Q, =%(1+r)(1+3)

Q,=Z(1-r)(L+s)

10.01.2007
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4 Node Isoparametric Elements
Strain-displacement matrix B
X 0l 0 a0 0 o 0 9 o
B=D Q=0 dy{ ' i ’ * }
dy dx 0 O 0 Q 0 Q 0 Q
—b(1-5) 0 b(1-5) 0 b(l+s) 0  -b(l+s) 0 |
Bzrib 0 -a(l-r) 0 —a(l+r) 0 a(l+r) 0 a(l-r)
—a(l-r) -b(l-s) -a(l+r) b(l-s) a(l+r) b(l+s) a(l-r) -b(l+s)

Stress-strain matrix E — usually constant in elastic problems

(1 v
v 1
_O 0

0
0
0.5(1-v)
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The local stiffness matrix

k= j‘ jBTEBaTb dr ds
~1-1

In this case the stiffness matrix can be expressed in closed form
-numerical integration

- analytically

10.01.2007
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. . A=
The local stiffness matrix T .
How can the local stiffness matrix be controlled? I '
-Symmetry : --

: . Ay=
-Diagonal elements are positive REEEEEEEEE :
-Controll the rigid-body modes
We have 3 possible ridig body modes
}\3:0___

- -
-
-
——
=

det(k—AE)=0 ‘ \

E denotes the unit matrix \ -

-
-
-
-
-
-
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Assembling the gobal stiffness matrix

Local stiffness — local coordinates

1 2
Global coordinates — global stiffness OT_,‘H (I_,uz &
1 2
= - ¢
—ﬁ) » X
AV
1 4 7 10 13
Transformation local - global 2 1|5 8 i 7 |4
3 2 |6 9 12 8 |15
(l) = X

10.01.2007
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Pt pd ek pd e ek ek

8 6 2 6 10 14

L. L b AL, AL, A
o= o™ 1 5 9 13

3 8 12 16

, . 1 2 3

b o 4 7 11 15
oO—= 2()_>

local global

kglobal (5’5): K (5’5)_'_ K (7’7)

local local
| 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
6.54E+06] -1.50E+06] -5.71E+06] -1.15E+05] 244E+06] 1.15E+05 -3.27E+06] 1.50E+06 0 0 0 0 0 0 0 0
“1.50E+06] 1.73E+07] 1156405 -1.70E+07] -1.15E+05] 8.35E+06] 1.50E+06] -8.64E+06 0 0 0 0 0 0 0 0
5.71E+06] 1156405 6.54E+06] 1.50E+06] -3.2/E+06] -1.50E+06] 2.44E+06| -1.156+05 0 0 0 0 0 0 0 0
“1.15E+05] 1706407 1.50E+06] 1.73E+07] -1.50E+06] -8.64E+06] 1.15E+05 8.35E+06 0 0 0 0 0 0 0 0
2.44E+06] -1.156+05 -3.27E+06] -1.50E+06/ 0| 0] -1.14E+07 0| 2.44E+06] 1.15£+05] -3.27E+06] 1.50E+06 0 0 0 0
1156405 _8.35E+06] -1.50E+06] -8.64E+06 0| _3.46E+07 0| -3.406407] -1.15E405 8.35E+06] 1.50E+06| -8.64E+06 0 0 0 0
-3.27E+06] _1.506406] _2.44E+06 _1.15E+05| -1.14E+07 0 _131E+07 0| _3.276+06] -1.50E<06] _2.44E+06] -1.15E+05 0 0 0 0
1.50E+06] -8.64E+06] -L.I15E+05| _8.35E+06 0| _-3.40E+07 0| 3.46E+07| -1.50E+06| -8.64E+06] L.I5E+05| B.35E+06 0 0 0 0
0 0 0 0| _2.44E+06] -1.156405] -3.27E+06 -1.50E+06] _131E407 0| -1.14E407 0 244E+06] 1.15E405] -3.27E+06] 1.50E+06
0 0 0 0] 1.15E+05] 8.35E+06] -1.50E+06] -8.64E+06 0] 3.46E+07 0| -340E+07 -1.15E+05] 8.35E+06] 1.50E+06| -B.64E+06
0 0 0 0| -3.27E+06] 1.50E+06] 244E+06| 1.15£+05 -1.14E407 0| 1.31E+07 0 -3.27E+06] -1.50E+06] 2.44E+06| -1.15E+05
0 0 0 0| _1.50E+06] -8.64E+06] -1.15E+05 8.35E+06 0| -3.40E+07 0 346E+07 -1.50E+06] -8.64E+06] 1.15E+05] 8.35E+06
0 0 0 0 0 0 0 0 244E+06] -1.15€+05| -3.27E+06] -L50E+06  6.54E+06] 1.50E+06] -5.71E+06] 1.15E+05
0 0 0 0 0 0 0 0 1156405 8.35E06] -1.50E+06| -8.64E+06 _ 1.50E+06] 1.73E+07| -L15E+05] -1.70E+07
0 0 0 0 0 0 0 0| 3.276+06] 1.50E<06] 2.44E+06] 1156405 -5.71E+06] -L.I5E+05| 6.54E+06] -1.50E+06
0 0 0 0 0 0 0 0 150E+06] -8.64E<06] -LI5E+05| B.35E+406 1156405 -1.70E+07] -1.50E+06] 173407
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Example
F=1 kN
\
N Y
N - -
N S e h=60 mm
N 5 F -©-
N
N
&
S8 h
XXX D -
1=1.00 m 8 60 mm
XEXS
4¢ ? &
b=40 mm

E=210000 N/mm?2
v=0.3

The Matlab-Code will be provided on

our Web site
10.01.2007
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Results

Deflection [100 mm ]

250 1

analytical solution

200 1

5x4 elements; 50 dof; v=0.412mm

150 -

100 -

4

L

0 200 400 600 800 1000 1200 1400
32x6 elements ; 448 dof; v=1.99 mm
Degrees of freedom
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Results
N
S ] Deflection [100 mm]
N 250 1
N analytical solution
N 4x1 elements; 16 dof ; v=0.28 mm
200 1 © ©
N
N 150 |
N
N |
N 100
32x1 elements; 128 dof; v=1.83 mm 50 1
N é
N i 0 200 400 600 800 1000 1200 1400
N WUWWWWU i , Degrees of freedom
N
N

128x1 elements; 512 dof; v=1.99 mm
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Stress
o, | 1 0
E
oy = ~| L 1 0 BY
1-v
Oy _O 0 0.5(1—0)_

Displacement of the
element

Transformation of the global displacement into local
displacements

10.01.2007
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Stress
Sigma xx [MPa]
T T T T T 30
2 ] 20
4 | 10
0
6
8 | I} L
10 20 30 40 50 60 70 80 90
Sigma yy [MPa]
T T T T T T T T T 5
100x8 Elements 2
4
0
6
8 Il 1 1 1 1 1 1 Il 1 1 _5
10 20 30 40 50 60 70 80 90 100
Sigma xy [MPa]
T T T T T T T T T IT 1
, |
0
4 _
-1
6 ]
8 Il Il Il Il Il Il Il Il Il Tl _2
10 20 30 40 50 60 70 80 90 100
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Stress

20x1 Elements

Sigma xx [MPa]

5 10 15 20 25 30
Sigma yy [MPa]
0.5 T T T T T T
1 - O.
5 10 15 20 2
Sigma xy [MPa]
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Introduction to the use of finite element

* Physical problem

|

Mathematical maodel
i governed by differential equations and
* Physical problem, assumptions on
5 - - geometry

mathematical modeling _ kinematics

and finite element solutions ::ﬂ:;:fgl s
- boundary conditions

£ A - etc.
- we are only working on the basis — l
Of mathematic mOdEIS ! Finite elememnt solution

Chuoice of

- finite elements

- mesh density

- solution parameters
Representation of

- loading

- boundary conditions
- etc.

- choice of mathematical model is
crucial !

Improve mathematical model

Change physical problem

- mathematical models must be
reliable and effective |

Assessment of accuracy of finite element
Solution of mathematical model

l

Refinement of analysis +— Interpretation of results

E'H Swiss Federal Institute of Technology )07

-| Design improvements [*
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