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9.3 Mode Superposition
(damping neglected)
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Direct Integration Methods
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From last time: Can be solved with Direct 
Integration Methods

Problem:

We have to do a lot of 
calculations at each time 
step



Generalized Displacements
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U(t): Nodal displacement vector
P: nxn Matrix
X(t): Generalized displacement vector

Multiply the equilibrium equation with PT

We now have to find a Matrix P which simplifies the problem



Neglecting damping
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The equation                                 can only be 
solved if the inverse                          exists 

therefore  the determinate                 has to be = 0

The solution of the problems becomes then:



Eigenproblem

13.11.2009 Mode Superposition 5

because M is diagonal the ωn
2 are equal the Eigen values

and φn is equal the Eigen vector

There are n solutions for a system with n degrees of freedom  



Matrix form
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We can rewrite this n equations in matrix form:  

Multiplied with φT:  



Diagonal matrix
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and                    are diagonal, meaning:

and if

Since                                and                    (because K is symmetric)
we have                                             (the same for              ) 

subtracting:

Because:



Choosing φn
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a multiple of φn still fulfils 

so we can choose φn such that

therefore we get  

Now we define P = Ф



using                      and                         we get the initial conditions

equilibrium equation
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since Ω2 is diagonal the components of the vector X can be analytical calculated



dynamic response
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Superposition
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A dynamic load can be designed as Fourier series

The total solution of such a problem is equal to 

the superposition of solution of the Fourier terms.



Problems with neglected damping
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Example 9.7
Calculate the displacement 
response of the system
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From Example 9.6
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The eigenproblem:



Eigen values
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Eigen vectors
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We defined:

Therefore:

Same for:



Two equilibrium equations
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analytic solution
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Initial conditions:
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Newark method
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9.3 Mode Superposition
(damping included)
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Proportional damping
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Assume C proportional, so the solution can still be calculated 
independently for each xi



If there are only two different damping ratios      Rayleigh damping can be used 

Rayleigh damping
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Problem with Rayleigh damping
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A problem with Rayleigh damping is 
that higher modes are much more 
damped than lower modes.

But in general Rayleigh damping is a 
good assumption
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