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D. 538-548
Exercice 6.14



 Show that the second Piola-Kirchhof
stress tensor is invariant under a rigid
rotation of the material.



 Second Piola-Kirchhof stress tensor

Mass density Cauchy stress tensor

N\

/ﬁE =?IN?KT

2nd term
Piola-Kirchhof stress
tensor

Inverse Deformation tensor

(a)



 If rigid body rotation is applied to material from time t to
time t+At, the deformation gradient change to

Deformation P4 — i : Deformation
Matrix at t+At, : F.H'x B H -I;I.x Matrix at time t

End Hence :

Inverse deformation : Inverse deformation
gradient at t+At i+ ,EI — ?IRT gradient at t (b)



Att:

At t+At :

0
.:-I-ﬂas_ — '@ :-|-.|!|.rTR ?I'T {EJ
P
i i No density change

waX = XR’

During the rigid body rotation, the stress component remain constant
in the rotating coordinate system.

1"|'.ﬁ.|! R 'TR.T (d)



Substituting from (d) into (c), we obtain

°p
iyg = LoxTi T =18
p

Mean: t+At -
OS = OS

invariant under a rigid rotation of the material

> > second Piola-Kirchhof stress tensor is
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A four element node is subject to a stress (initial stress)

0
T
The element is rotated from time 0O to time At as rigid body trough large
angle 8 and without stress change

S itud —
O magnituae d:,r” — nT”

Configuration at
time = At

i \ Configuration at
l——2cm———{ gime=0



» Second Piola-Kirchhof tensor at time 0 = Cauchy stress tensor ,

,because element deformation are 0
0
Ti1 0
08 = a
] @

« Component of the Cauchy stress tensor at time At expressed in the
coordinates axes °x., x,

Rotation tensor Transpose Rotation tensor

rep = [cm8 —sin H][“"Fu 0][ cos § sin 8] (b)
sin cos@]| 0 OJ[—sin@ cos @

t



* Relation between the Cauchy stress and the
second Piola-Kirchhof stresses at time At :

Deformation gradient tensor and
Transposed tensor at time At

/ \

Cauchy stress
at time At



In this case, there is no density change at time At

mp/{:p = 1.

Deformation gradient evaluation

Node

trity

tity

A O DN

4xt=2cos 8 — 1 — 2sin 8;

My = —1 — 2 sin 6;

aryd =

xt =

-1
2cos 8 — 1;

Byl =2sin@ — 1+ 2cos @
Aiy2 =2cos 8 — 1
Ay3 = —1

Mxi=2sn 8 — 1



Configuration at Figure

time = At initial si
AT
021/ i
ﬁ —
rfﬂ

| \ Configuration at
2ecm—— time=0



Configuration at Figure
time = At initial si

/ o
1
! i

R °X1 atg

2cm
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X1
\\ Position node 4 at

4 Y Time At

Configuration at
t————2 cN—————= time=0

Position node 4 at
Time 0

Example node 4

(2cos 8 +1,2sin0-1)




(-1-2sin©,2cos 6-1)

(2cos 0 -1 - 2sin 0,2sin 0 - 1)

Configurationat Figure

time = At initial si

/ T
1

R T

X

ufn

% e (2 cOs0-1,2sin 6-1)
L \ Configuration at

[=——2cm— “time=0



Deformation tensor a time t :

Gradient deformation tensor a time t :

hy = 3(1 + %x)(1 + °x);
hy = 3(1 = °x)(1 — °xa);
dh, 1

o 0., %
anxl 4(1 + Ii)r

oh

_.;_1 . __(1 — %)
— e, === '+ .
aoxz 4(1 II)?
ohs 1

&4
‘xs. = 2 h.t !Iik

k=1
ﬂ‘x; - ( ahk )r E
3°x; ;.,E 8°x; o

hy = 3(1 = %x)(1 + °xy)
he = 3(1 + °x)(1 — °x))

:oi; = -—;(l + %)
Fom30=n
o —-l-(l + %x)

X3 4



Can #m )

YoXT I o
Kauxl 3ﬂ.Iz j

(1 + °)(2cos @ — 1 — 2sin §) : (1 +°%)(2cos@ — 1 — 2sin @)
—(1 + °%)(—1 — 2 sin 6) L +(1 — %x)(—1 — 2 sin 6)

—(1 = %x;)(—1) % ={1 —=C% =1}
. —(1 +%)(2cos 6 — 1)

(1 +°)(2sin@ — 1+ 2cos 6
+(1 — °x)(2cos 8 — 1)
'_(1 - 011)(_1)

—(1 +°%)(2sing — 1)

(1 +°%)(2sind — 1+ 2cos 9)
—(1 + °x,)(2cos @ — 1)
—(1 = °x)(-1)
| +(1 — %)(2sin@ — 1)




Example :

Hence,
g%‘] = %[(1 +%%)(2) = (1 + °x)(—1) = (1 = °x)(—1) + (1 = "x2)(1)]
= -i—(s + %)
and %’i = -}(1 + 0x); :D‘:‘: = %(1 +°x)
g% = %(9 + %%,)

so that the deformation gradient is

Y = l[(ﬁ +%) 1+ %x1) ]
T4 + %) 109 + %x)



[ (1 +°)(2cos@—1~-2sing) ! (1+°%)(2c0os@— 1~ 2sin 6)]
—(1 + °x,)(—1 — 2 sin ) i +(1 = %°%;)(—1 — 2sin 6)

—(1 = °x;)(—-1) vo=(1 = %) (=1)

+(1 — %,)(2cos 8 — 1) . —(1 +%)(2cos 8 — 1)

(1 +°x)(2sin@ — 1 + 2 cos ) (1 +°%)(2sing— 1+ 2cos6)
—(1 + °x.)(2cos 8 — 1) +{(1 — °x)(2cos & — 1)
—(1 = °x)(—1) —(1 — %) (-1)
| +(1 — %)(2sin @ — 1) —(1 + °x))(2sin @ — 1)

Compute

sy _ |COS @ —sinf
oX [sinﬂ cns&] (d)



Substitutina

ap - | COS 8 —sin ﬂ][""?n 0][ cos & sin 8] b)
sinf@ cos @ 0 Of|l—-sinf® cosé8

cos G —sin 9]
(d)

=-Ef—’ X %S 4X7

&

TR,
%;s=[ ; O] (d)



0 e
A= _ T 0 AR — T O
Because Ty = l],.r”, s = [0 0] and %S [ 0 0]

Show that component of the second Piola-Kirchhoh stress tensor did not change
During th erigid body relation. There is no change because in this case the
Deformation gradient corresponds to a rotation matrix :

Rotation tensor Transpose Rotation tensor

|

cos @ siné@
—sin @ cos 8

cos @
sin8 cosé@ll) 0 ON



6.3 Displacement-Based
iIsoparametric continuum finite
elements
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Chap.6 Finite Element Analysis in
Solid and Structural Mechanics



6.3 Introduction

* From previous section (Chap.5) :

Developed linearized principle of virtual displacements in
continuum form. Only variable is displacement u.

If only nodal point displacement as degree of freedom,
finite element matrix is a full linearization of the virtual
displacement at time t.

The derivation will show that if other displacement degree
of freedom like rotation or stress mixed, the linearization
IS more efficiently achieved by direct Taylor expansion.



6.3.1. Linearization of the principle of virtual work
with respect to finite element variable

 Prininciple of virtual displacement In the total Lagrangian
formulation’

t+4t ¢ ;e NIV = r+ardp 6.89
LV 05y | (6.89)

« We linearize the expression and assume *Atgg

iIndependent of the deformation

: a
r+%Sq 8“"%5{, = 'L':S{f Sfjt'g + a(cj S:j SE:E@) dﬂk (&%)

where da, is a differential increment in ‘a,. We note that

Siey = — da; (6.91)
a



e The second term
AS€rs O6 €y

'1

d
I I = — 692
B‘m Si_f 805.;) dﬂk uCﬂﬂ a‘ak a'a; Ba.- ﬂ'ﬂk =t ({Sy &‘ak a‘ Sﬂ; dﬂt ( )
* And next:
b€ dbey J’ Lo 02be& o } — gy _ (I db€y 4o )
{L“C“"’ Yo v’V Y .]‘,“S” o oa V| G Oa ‘ 05y Zig, 4V ) Oau
(6.96)

* For isoparametric displacement-based
continuum elements with nodal displacement
degrees of freedom, both expressions can be
directly and easily be employed to obtain the
same finite element equations. For rotational

element (6.96) is more direct



6.3.2 General Matrix Equations of Displacement-
Based Continuum Elements

We consider in more detail the matrices of isoparametric
continuum finite element with displacement degrees
freedom only.

Basic step in the derivation of the governing finite
element equations are the same as those used in linear
analysis.

By invoking the linearized principle of virtual
displacement for each of the nodal points displacement
in turn the governing finite element equation are
obtained.

As in linear analysis we need to consider a single
element of a specific type in the derivation because
equation of equilibrium are an assemblage of elements
directly constructed from using direct stiffness
procedure.



« By substituting the element coordinate and displacement
interpolation into the equation we did in linear analysis, we obtain for
a single element or for an assemblage of elements :

In material-nonlinear-only analysis

static analysis:
@;b _(r+arg) — 1F (6.97)
dynamic analysis, implicit time integration: External forces
M & + ‘KU = *&R — 'F (6.98)
dynamic analysis, explicit time integration:
MU='R~—'F (6.99)

using the TL formulation:
static analysis:

(MKe + }Ka)U = 4R — (F (6.100)



dynamic analysis, implicit time integration:

M a0 + (K, + (Kx)U = +4R — §F (6.101)
dynamic analysis, explicit time integration:
MU ="R-(F (6.102)
and using the UL formulation:
static analysis:
(K. + Ky)U="*R — [F (6.103)
dynamic analysis, implicit time integration:
M40 + (K. + Kw)U = *¥R — [F (6.104)
dynamic analysis, explicit time integration:
MU='R-F (6.105)

where M = time-independent mass matrix

‘K = linear strain incremental stiffness matrix, not including the initial displacement effect
6K, (K, = linear strain incremental stiffness matrices

6K w, Ky = nonlinear strain (geometric or initial stress) incremental stiffness matrices
+AR = vector of externally applied nodal point loads at time 1 + Af; this vector is also used at
time f in explicit time integration

'F, §F, {F = vectors of nodal point forces equivalent to the element stresses at time (

U = vector of increments in the nodal point displacements
'U, *~{ = vectors of nodal point accelerations at times ¢ and ¢ + At




TABLE 6.4 Finite element matrices

Analysis type Integral Matrix evaluation
j Op A, Bu; dOV M i = (J- s H'H dﬂv) 1
In all Oy o
analyses
g = j % f5 Suf d°S rag = I HE 4 gog
U5y Os;
+ J‘ J+n§df?&“ d ﬂv + J‘ HT H-.Ilﬁf.' dﬂ'l.,!’
Oy Oy
Materially-nonlinear- j Cin €0 Sy AV Ki = (I BICB; dir')ii
only v v
J-'ﬂ'#ﬁeudv =F=Inrlidv
¥ . ¥
0 Ciirs 08 Boey d°V JKL = ( BT C LB, d“i'")ﬁ
Tﬂml S0 Dy
Lagrangian i o - ( o )
formulation & 45y Bomy d°V §Kwe i EBz 48 ¢By d°V )i
85y Boey d°V {F = I BT i8S d°V
dﬂv D‘b‘
:
r Ct.rrt Brs sﬂeu drv :Klﬂ (J- FHI :E ﬂ!l‘. d'v)ﬁ
Updated oy "
Lﬂgl'mgiﬂ-“ [ [ - 3 r - 1 P [ )
Pite i ) 7, &my d'V I (L ‘B, 't By d'V il

j Ffﬂ &E#‘ d”V
hy

iF = J B[ % d'V
Iy




6.3.3. Truss and Cable Element

» Truss element : structural element capable of transmitting stresses
only in the direction normal to the cross-sectional area

 We consider a truss element that has arbitrary orientation in space



« Element described by two to four nodes as Fig.6.3. It subjected to
large displacements an large strains.

» Global coordinates of a nodal points

At time 0 : Ox,k, Ox,k Oxk Ox K

At time t : 'K, )5 tx ko tx K

Where k=1 ... N with N = nodes numbers (2 <N =4)

. Figure 6.3 Two- to four-node truss
x1, X1 element



The nodal point coordinate assume to determinate
the spatial configuration of the truss atime 0 and t using

N N N
Oxi(r) = E hy Ox%; O%,(r) = E hy Oxk: Oxs(r) = b by °x} (6.106)

k=]
N N N
() = 2 he'xd; ra(F) = 2 ke 'xk: () = 2 by Xk (6.107)
k=1 k=1 k=1

Where the Interpolation functions h,(r) are defined

N
() = 2 by 'ut (6.108)
k=1

N
u(r) = 2 mut,  i=1,23 (6.109)
k=1



* Since for truss element the only stress is the normal
stress on its cross-sectional area, we consider the
corresponding longitudinal strain. We have the TL

formulation :

_dxd'w | 1d'wd'y
b = s @ 2 s dds pEsS



Where 9s(r) is the arc length at time 0 of the material point
%%4(r),2%,(r), %%s(r) given by :

N
O5(r) = 2 b %5, (6.111)
k=1

Figure 6.3 Two- to four-node truss
®xq, Txq element



The increment in the strain component te,, .. denoted oén

0€11 = o€ T 0T

d°% dw,  d'u du

Strains : &, = s & + EE (6.112)
. | du; duy
o = 3 7o, 70 (6.113)
For the strain-displacement matrices we define
Ok = [°x °x} Ox} ... % Oxf Ox%] (6.114)
‘@’ =u wy ‘W o 'wY 'uw) 'uf]
07 = [wl wi W - W W W] (6.115)
1 0 0
= [fl]l: . Eoa o . hﬂlj.]; I] =10 1 0 (6116}
0 0 1



Volume-displacement
interpolation matrix

And hence
e

6B, = J) (°f'H H,, + "a"HTH,) (6.117)
By = % 'H, (6.118)

With J-1 =dr/d%s

With J-1=dr/d% 3
The only nonzero component is §8i1, which we assume to be given as a function of

Green-Lagrange strain jg,, at time t. The tangent stress-strain relationship
Is therefore.

3
Incremental stress-strain 30311
material property matrix : do€1

The above relation can be employed to develop the UL formulation and the
Materially-nonlinear formulation.



Ex 6.16



 For the 2 nodes element :

Develop the tangent stiffness matrix and force vector at
time t. Consider large displacement and large strain
conditions.

Node 1

Configuration at time ¢

Configuration at time 0

——

.-I 2 “x1, ’x1

(a) Two-node element



Corresponds to elements in

\\(?E "‘) T matrix $Kat

(A is very small)

!

g &

r:/ \(fp a)

{b} Moment equilibrium of element
Figure E6.16 Formulation of two-node truss element



Using TL formulation we express ,e,, and ,n,4, The truss element
Undergoes displacement only in the °x,,%x, plane

- du, b d'uy au, N d'uz ouy
T 80k 8% % %x) 8%y

) @]
o = 5 [ \at, 3x,

By geometry and using ‘i = i.l hy "uf

We compute
‘ul =0,'uy = 0,"ut = CL + AL)cos 8 — °L ‘u} = (°L + AL) sin 6.

And obtain

&'u.__(“L-!—ﬁL}cns&_ll du, _(°L + AL) sin @
a'QI] DL ’ BDII GL




* We replace the result into

o€y = i{ﬂ"u + oMy + due s obde, ; + ole: dHe, 5); oty = %nlh.u o, |
| |

Initial displacement effect

du, duy du, Uy dus
01y = o

x, % x;  8%x %y

°f. + AL
um1=%{[—1 0 1 O]+( oL cnsﬁ—l)[—l 0 1 0]

u} |
+(°"‘ 2L sin e)[o -1 0 1]} :i

u3

°f, + AL ul

o W—[—CDS @ —sinf cosé@ sin ﬂ] H?

 And hence

oL + AL
L)y

B = [-cos @ —sin® cos @ sin 6]



* In the total Lagrangian formulation we
assume that 'S, is given in term of ;¢

3 S
o€

If we use {,S,, = E {¢,4, we have ,C,,4, = E
* The tangent matrix and force vector are

oCin =

(cos’ @ cos fsin@®  —cos? @ —cos 0 sin 0]
_ (°L + ALy, sin#  —sin@cos®  —sin® f
6K = oCun eLy g cos? 6 sin 6 cos 6
 Symmetric sin® § |
/ . "1 0 -1 O]
p 0 1 0 -1
YSLYALI-1 0 1 0 @
Linear strain stiffness matrix | 0 -1 0 1]
(—cos 8] ‘
4 =p| 500 | |
cos 8 | Non linear strain
sin@ | Stiffness matrix,independent from 6




 Where P is the current force carried in the
truss element. Here we have used, with
the Cauchy stress equal to P/A

0

°L 21p AL 1 /ALY
IEIIS]I=;_p( ) . lﬁt'u:—""( )

p\"L + AL " TARICT. T3
GApip s D S (b)
’ °F + AL °A

°r + AL

P = ﬁs_”'ﬂﬂ EI'L
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