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C t t f T d ' L tContents of Today's Lecture

S l i f E ilib i E i i D i A l i• Solution of Equilibrium Equations in Dynamic Analysis

Mode Superposition

Modal Generalized Displacements

Analysis with Damping Neglected

Analysis with Damping IncludedAnalysis with Damping Included
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M d S itiMode Superposition

M d l G li d Di l• Modal Generalized Displacements

The direct integration methods necessitate that the finite element 
equations are evaluated for each time step

The bandwidth of the matrixes M, C and K depend on the , p
numbering of the finite element nodal points 

In principle we could try to rearrange the nodal point numberingIn principle we could try to rearrange the nodal point numbering 
but this approach is cumbersome and has limitations

I t d t f th ti i t f hi h i t fInstead we transform the equations into a form which in terms of 
numerical effort is less expensive  - by a change of basis

Method of Finite Elements II
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M d S itiMode Superposition

Ch  f B i   M d l C di• Change of Basis to Modal Coordinates

The following transformation is introduced:

( ) ( )U PXt t=

P: n x n square matrix
X(t): time dependent vector of order n

( ) ( ) ( ) ( )t t t t+ + =MX CX KX R

, , , ( )T T T Tt= = = =M P MP    C P CP    K P KP    R P R

Method of Finite Elements II
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M d S itiMode Superposition

Ch  f B i   M d l C di

( ) ( ) ( ) ( )

, , , ( )T T T T

t t t t

t

+ + =

= = = =

MX CX KX R

M P MP    C P CP    K P KP    R P R

• Change of Basis to Modal Coordinates

The question is – how to choose P?

A good choice is to take basis in the free vibration 
solution – neglecting damping, i.e.: g g p g,

0MU + KU =

which has a solution of the form 0sin ( )U Φ t tω= −

2
i i iω=KΦ MΦ 2 2 2

1 1 2 2( ), ( ),..., ( )n nω ω ωΦ Φ Φ

Method of Finite Elements II
Mode shape vectors
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M d S itiMode Superposition

Ch  f B i   M d l C di• Change of Basis to Modal Coordinates

Any of the solutions 2 2 2
1 1 2 2( ), ( ),..., ( )n nω ω ωΦ Φ Φ

satisfy 0MU + KU =

1 1 2 2( ), ( ), , ( )n n

The n solutions may be written as: 
2 2, ;KΦ MΦΩ       Φ KΦ Ω       Φ MΦ IT T= = =

with: [ ]

2
1

2
2

ω
ω

⎡ ⎤
⎢ ⎥
⎢ ⎥2Φ Φ Φ Φ Ωwith: [ ] 2

1 2

2

, ,..., ;n

nω

⎢ ⎥= =
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

2Φ Φ Φ Φ     Ω

Method of Finite Elements II
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M d S itiMode Superposition

Ch  f B i   M d l C di• Change of Basis to Modal Coordinates

Now using ( ) ( )U ΦXt t=

in 

( ) ( )

( ) ( ) ( ) ( )

, , , ( )T T T T

t t t t

t

+ + =

= = = =

MX CX KX R

M P MP    C P CP    K P KP    R P R

we get

2( ) ( ) ( ) ( )X Φ CΦX Ω X Φ RT T

with 

2( ) ( ) ( ) ( )X Φ CΦX Ω X Φ RT Tt t t t+ + =

0 0 0 0;X Φ M U       X Φ M UT T= =

Method of Finite Elements II
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M d S itiMode Superposition

A l i  i h d i  l d• Analysis with damping neglected

Here we start with: 2( ) ( ) ( )X Ω X Φ RTt t t+ =

i.e.:
2( ) ( ) ( )x t x t r tω+ =

or the Duhamel integral

( ) ( ) ( )

( ) ( )Φ R
i i i i

T
i i

x t x t r t

r t t

ω+ =

=
Can be solved using the 
direct integration schemes

or the Duhamel integral

d  t t  th  di l t  th h
0

1( ) ( )sin ( ) sin cos
t

i i i i i i i
i

x t r t d t tτ ω τ τ α ω β ω
ω

= − + +∫
and we convert to the displacements through:

( ) ( )U Φ
n

i it x t=∑
Method of Finite Elements II

1
( ) ( )i i

i=
∑
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M d S itiMode Superposition

A l i  i h d i  l d• Analysis with damping neglected

Comparing mode superposition with direct integration
we have so far only changed the basis before integrating

The solutions must thus be the same!

Whether to use mode superposition or direct integration 
is thus only a matter of efficiency!is thus only a matter of efficiency!

However, depending on the distribution and frequency 
contents of the loading the mode superposition contents of the loading the mode superposition 
method can be much more efficient that direct 
integration

Method of Finite Elements II
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M d S itiMode Superposition

A l i  i h d i  l d• Analysis with damping neglected

Considering again

2( ) ( ) ( ), ( ) ( )         Φ RTi i i i i ix t x t r t r t tω+ = =

and setting

and either

( ) 0, 1,2,...,        ir t i n= =

and either

0 0U  or  U    are a multiple of only   Φ j

then only   ( ) 0jx t ≠

Method of Finite Elements II
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M d S itiMode Superposition

A l i  i h d i  l d• Analysis with damping neglected

if instead we set 0 0 ( ) ( )U U 0    and     R MΦ jt f t= = =

then only

j

( ) 0jx t ≠

Example 9.8 shows that for a one degree of freedom 
system system 

there is:  

2 ˆ( ) ( ) sinx t x t R tω ω+ =
2 3ˆ/ 1 /R Rω ω ωthere is:  

2 2 2 2

/ 1 /ˆ( ) sin ( )sin
ˆ ˆ1 / 1 /
stat trans

R Rx t t t

Dx x

ω ω ωω ω
ω ω ω ω ω

= + −
− −

= +

Method of Finite Elements II

stat trans
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M d S iti
2 ˆ( ) ( ) sinx t x t R tω ω+ =

2 3ˆ/ 1 /R Rω ω ωMode Superposition

A l i  i h d i  l d

2 2 2 2

/ 1 /ˆ( ) sin ( )sin
ˆ ˆ1 / 1 /
stat trans

R Rx t t t

Dx x

ω ω ωω ω
ω ω ω ω ω

= + −
− −

= +

• Analysis with damping neglected

2Φ CΦ

modal damping parameters

T
i i i i ij

i

ωζ δ

ζ

=

=
1, 1

p g p
Kronecker delta   for  else 

i

ij ij iji j
ζ
δ δ δ= = = =

Proportional damping

Method of Finite Elements II
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M d S itiMode Superposition

A l i  i h d i  l d• Analysis with damping neglected

Considering again
2( ) ( ) ( )

( ) ( )Φ R
i i i i

T
i i

x t x t r t

r t t

ω+ =

=( ) ( )i i

0

1( ) ( )sin ( ) sin cos
t

i i i i i i i
i

x t r t d t tτ ω τ τ α ω β ω
ω

= − + +∫

1
( ) ( )U Φ

n

i i
i

t x t
=

=∑

we realize that an approximation may be introduced 
by only considering some of the mode shapes  

Method of Finite Elements II
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M d S itiMode Superposition

A l i  i h d i  l d• Analysis with damping neglected

Considering again
2( ) ( ) ( )

( ) ( )Φ R
i i i i

T
i i

x t x t r t

r t t

ω+ =

=( ) ( )i i

0

1( ) ( )sin ( ) sin cos
t

i i i i i i i
i

x t r t d t tτ ω τ τ α ω β ω
ω

= − + +∫

1
( ) ( )U Φ

p
p

i i
i

t x t
=

=∑

we realize that an approximation may be introduced 
by only considering some (p) of the mode shapes  

Method of Finite Elements II
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M d S itiMode Superposition

A l i  i h d i  l d• Analysis with damping neglected

The error made may then be estimated as:

2
( ) ( ) ( )

( )
( )

R MU KU

R

p p

p
t t t

t
t

ε
⎡ ⎤− +⎣ ⎦=

This is a measure of the degree to which nodal point 
loads are balanced by inertia and elastic nodal point 

2
( )R t

loads are balanced by inertia and elastic nodal point 
forces.

Method of Finite Elements II
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M d S itiMode Superposition

A l i  i h d i  l d• Analysis with damping neglected

The unbalance in nodal forces is:

1
( )R R MΦ

p

i i
i
r

=

Δ = −∑
If the problem is modeled appropriately the unbalance 
should at most amount to the static response

Therefore we can calculate a “static correction”

( ) ( )K U Rt tΔ Δ

for times of special interest (e.g. with max response)

( ) ( )K U Rt tΔ = Δ

Method of Finite Elements II
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M d S itiMode Superposition

A l i  i h d i  i l d d• Analysis with damping included

In case of proportional damping e.g.:

2Φ CΦ

modal damping parameters

T
i i i i ij

i

ωζ δ

ζ

=

=
1, 1

modal damping parameters
Kronecker delta   for  else 

i

ij ij iji j
ζ
δ δ δ= = = =

The solution may be found as:
2 2( ) 2 ( ) ( ) ( ), ( ) ( )         Φ RTi i i i i i i i ix t x t x t r t r t tω ζ ω+ + = =

( )

0

1( ) ( ) sin ( ) ( sin cos )i i i i

t
t t

i i i i i i i
i

x t r e t d e t tζ ω τ ζ ωτ ω τ τ α ω β ω
ω

− − −= − + +∫
2

Method of Finite Elements II

21i i iω ω ζ= −
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M d S itiMode Superposition

A l i  i h d i  i l d d• Analysis with damping included

Assume that we know the damping ratios for a number 
of modes i.e.: 

, 1,2,..i i rζ =

If r = 2 Rayleigh damping can be used in the form:

C M Kα β+

Examples 9.9-911 illustrate how to use this approach.

C M Kα β= +

p pp

Method of Finite Elements II


