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Contents of Today's Lecture
* Solution of Equilibrium Equations in Dynamic Analysis
Mode Superposition

Modal Generalized Displacements

Analysis with Damping Neglected
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Mode Superposition
* Modal Generalized Displacements

The direct integration methods necessitate that the finite element
equations are evaluated for each time step

The bandwidth of the matrixes M, C and K depend on the
numbering of the finite element nodal points

In principle we could try to rearrange the nodal point numbering
but this approach is cumbersome and has limitations

Instead we transform the equations into a form which in terms o
numerical effort is less expensive - by a change of basis

Method of Finite Elements II
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Mode Superposition
¢ Change of Basis to Modal Coordinates
The following transformation is introduced:
U(?) = PX(¢)

[ n X n square matrix
X(t): time dependent vector of order n

MX(?) + CX(#) + KX(¢) = R(?)

M=P'MP, C=P’CP, K=P'KP, R(¥)=P'R

Method of Finite Elements II
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M=P'MP, C=P'CP, K=P'KP, R(:)=P'R

¢ Change of Basis to Modal Coordinates
The question is - how to choose P?

A good choice is to take basis in the free vibration
solution — neglecting damping, i.e.:

MU+KU=0

which has a solution of the form U=®sinw(f—-¢,)

O

K® =0’ M®. —> (a)lzq)%w;q)z),...,(qu)n)

T/

Mode shape vectors
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Mode Superposition
¢ Change of Basis to Modal Coordinates
Any of the solutions (o’®,), (0, ®,),...,(0'® )

satisfy MU+KU =0

The n solutions may be written as:
KO =M®Q’, P'KO=0Q; OMID=I

with: O=[0,0,,.0] Q=

Method of Finite Elements II
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Mode Superposition

¢ Change of Basis to Modal Coordinates
Now using U(?) = ®X(¢)
in

MX() + CX(#) + KX(¢) = R(?)

M=P'MP, C=P'CP, K=P'KP, R(#)=P'R
we get

X(1) + D' COX(1)+ Q*X(7) = D'R(?)

with °X=0'M°U; ‘X=0'M°U
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Mode Superposition

® Analysis with damping neglected
Here we start with: X(©)+Q*X(?) = ®"R(?)

i.e.:

X 2 .
X(0)+ @, x, (1) =7,(0) Can be solved using the
r(t) = (I).TR(t) direct integration schemes

or the Duhamel integral

x(t)——jr(r)smw (t—7)dr+a smat+ p cosaot

and we convert to the displacements through:
U@) = Z(I)ixi(t)
i=1

Method of Finite Elements II
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Mode Superposition

® Analysis with damping neglected

Comparing mode superposition with direct integration
we have so far only changed the basis before integrating

The solutions must thus be the same!

Whether to use mode superposition or direct integration

is thus onlv 2a matter of efficiencv!
, i Il SGSNwil -’ i ‘III‘I‘II‘,-

However, depending on the distribution and frequenc
contents of the loading the mode superposition
method can be much more efficient that direct
integration
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Mode Superposition
® Analysis with damping neglected
Considering again
5O+l x,O)=r0),  1()=D/R@)
and setting 7(?)=0, i=12,..n

and either

U or U are a multiple of only @

then only x (1) =0

Method of Finite Elements II
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Mode Superposition

® Analysis with damping neglected
if instead we set ‘U="U=0 and R()=M® f(?)
then only x,(¢1)#0

Example 9.8 shows that for a one degree of freedom

wWaSws IEE

¥(t)+@’x ()= Rsinat

there is: R/ o’ 1 RO/
2
/

x(t) = sin @t + (— —
® -0/ & (

~ )sin wt
o l-w 2

=Dx_  +x

stat trans
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Mode Superposition w0 =R e (LB G
- /o o l1l-0 /o
= D xstat +xtrans

® Analysis with damping neglected

4 [ 1 ]

’ ! Equation:

’ [ X+ 28m% + 0fx = sin oot q)iTCq)i =203,
3 if

\
\ ¢=00
cl- 0.2 ¢, =modal damping parameters
f 0, = Kronecker delta 6, =1, fori=j else 0, =1

Proportional damping

Dynamic load factor D
[ ¢ ]

=
f/ .

\
l
I
I
I
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Mode Superposition L.
;_‘ //\ t=0.2
gz /'//'/ \‘\'\‘\ L
= - - g 7 \><¢-0.5
® Analysis with damping neglected & e X
e
Considering again ° Cos ’

Figure 9.3 The dynamic load factor

x,(1)+ a)izxi(t) =7,(?)
(1) = @;R(?)

1 . .
x, ()= —Irl.(r) sinw, (t—7)dt+a, sinwt+ . cos wt
i 0

u@) = Zn:(l)i‘xi (1)

we realize that an approximation may be introduced
by only considering some of the mode shapes
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Mode Superposition LR
J 1T e
| B/ - S -
- - - g 7 \><¢-0.5
® Analysis with damping neglected & e X
e
Considering again ° Cos ’

Figure 9.3 The dynamic load factor

x,(1)+ a)izxi(t) =7,(?)
(1) = @;R(?)

1 . .
x, ()= —Il;(r) sinw, (t—7)dt+a,sinwt+ . cos wt
i 0

Ur ()= Zp:q)ixi(t)

we realize that an approximation may be introduced
by only considering some (p) of the mode shapes
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Mode Superposition

® Analysis with damping neglected

The error made may then be estimated as:
HR(t)—[MUp(t)+KUp(t)]
IR,

This is a measure of the degree to which nodal point

loads are balanced bv inertia and elastic nodal noint
Wi Vie il w UGEIIVE L WS i w, Il Il Wil CHITVE WiGIiw SWiWw IIWVWwSHbGil FVIII‘

forces.

2

el (t) =
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Mode Superposition
® Analysis with damping neglected
The unbalance in nodal forces is:
p
AR=R-> r(M®,)
i=1

If the problem is modeled appropriately the unbalance
should at most amount to the static response

Therefore we can calculate a “'static correction”
KAU(?) = AR(?)

for times of special interest (e.g. with max response)
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Mode Superposition

® Analysis with damping included

In case of proportional damping e.g.:

O CP, =200 ;

l

¢. =modal damping parameters
o, = Kronecker delta 6, =1, fori= j else 5, =1

The solution may be found as:
() +2w {x(t)+a) x, (1) =r(?), r(t) =@ R(1)

x(t)——jr(r)e “ D sinw, (t—1)dr+e ' (a,sin@t + f.cos @)
o,
i 0
w, =, 1_4/1'2
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Mode Superposition

® Analysis with damping included

Assume that we know the damping ratios for a number
of modes i.e.:

C,i=12,.r

If r = 2 Rayleigh damping can be used in the form:

C=aM+ BK

Examples 9.9-911 illustrate how to use this approach.
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