
Structural Elements

Beam and Axis-symmetric ShellBeam and Axis symmetric Shell 
Elements



Beam element

tiassumptions:
- we neglect shear effects

(Bernoulli beam theory)

plane sections initially normal 

t th t l i ito the neutral axis remain

plane

large displacements large- large displacements, large 

rotations, but small strains

cross-sectional area does notcross-sectional area does not 

change



Beam element

Geometry:
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i = 1, 2, 3

,xt
1 – coordinates of a typical point in the beam

hk – interpolation functions

,xt
2 3xt

k p

ak, bk – cross-sectional dimensions

– components of unit vector in direction s or t  at nodal point k k
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Beam element

Displacement components:

at time t:
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increment from time t to t+Δt:
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Beam element
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displacement components in terms of the nodal point

displacements and changes in the direction cosines of the nodal
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point director vectors:
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Beam element

with the director vector increments:
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Beam element

For a full linearisation of the principle of virtual

work we define the vector of nodal rotational

d f f ddegrees of freedom θk:
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The purpose is to evaluate (approximations to) the new director vectors.



Beam element

li i d ilib i tilinearised equilibrium equations:

in TL-formulation

∫∫∫ + + tttt VdeSRVdSVdeeC 000 δηδδ Δ

in UL formulation
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V ijijV ijijV ijrsijrs VdeSRVdSVdeeC

000 00000000 δηδδ

in UL formulation

∫∫∫ −=+ +

V

t
ijtij

ttt

V

t
ijtij

t

V

t
ijtrstijrst tt

VdeRVdVdeeC δτηδτδ Δ
0

linear strain increments now include quadratic terms in rotations



Beam element

Finite-element equations:
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solving for uk and θk, we obtain approximations for the nodal point

displacements and director vectors at time t+Δt usingp g
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Example

We are looking for the

coordinate and

displacement interpolations

and derivatives that are

reqired for the calculations

f th t di l tof the stress.displacement

matrices.

2-node beam element



Example

Geometry:
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Example

Displacement components at time t:
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Example

Incremental displacements:
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Example

Derivatives of the Jacobian matrix in UL formulation:

We assumed LLLt ==0



Example

Jacobian matrix in TL formulation:

derivatives of the displacements:p

We again assumed LLLt ==0


