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Contents of Today's Lecture

• Analysis of direct integration methodsy g

• Stability analysis (liner analysis)

• Accuracy analysis (liner analysis)

• Some practical considerations

• Examples
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Analysis of direct integration methods

• Dynamic equilibrium equation

S l ti d d iti d di t i t ti• Solution procedures: mode superposition and direct integration

• I t ti h t l diff th d th H b lt• Integration schemes: central difference method, the Houbolt 
method, the Wilson θ method and the Newmark integration 
procedurep
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Analysis of direct integration methods

• Key to all integration procedures: time step Δt

• Small enough to obtain the accurate solution

• Large enough to save computational time

• How to select the appropriate time step for direct integration?

• Two fundamental concepts are to be considered: stability and 
accuracy of the integration schemeaccuracy of the integration scheme
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Analysis of direct integration methods

• Relation between mode superposition and direct integration is of 
i t tinterest

• Mode superposition: change of basis from the nodal displacements 
to the basis of eigenvectors of generalised eigenproblemto the basis of eigenvectors of generalised eigenproblem

• Setting in dynamic equilibrium equationSetting in dynamic equilibrium equation 
(columns in Φ are free-vibration modes φ1,…,φn ) one obtains
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Analysis of direct integration methods

• where Ω2 is diagonal matrix with free-vibration frequencies squared 
2 2 Δ i l di l t i f d i Δ di (2 ξ ) ξω2
1,…,ω2

n, Δ is also a diagonal matrix of damping Δ = diag(2ωiξi), ξi
being the damping ratio in ith mode

• The obtained equation system consists of n uncoupled equations• The obtained equation system consists of n uncoupled equations 
and can be solved using one of the direct integration procedures 
we already mentioned

• We can use for each equation an appropriate time step since the 
periods of vibrations are known

• Choosing the same time step for all n equations we obtain the 
same solution as if we were using direct integration analysis

• In this way both procedures deliver the same solution• In this way both procedures deliver the same solution
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Analysis of direct integration methods

• So, to study the accuracy of direct integration we can consider the 
ti f d iti i th ti t bequations of mode superposition using the same time step by 

integration 
• Thus the variables that have to be considered in the stability and• Thus, the variables that have to be considered in the stability and 

accuracy analysis of of the direct integration method are only Δt, ωi
and ξi for i=1,…n. 

• Furthermore, we need to consider only one of the equations
(since they are similar):

Thi ti t ilib i ti i ti• This equation represents equilibrium equation governing motion
of single degree of freedom system with free-vibration period T, 
dumping ξ and applied load r
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Direct integration approximation and load operators

• Having solutions for the discrete times 0, Δt, 2Δt,…t-Δt, t the 
solution for the time t+Δt can be obtained using recursive 
relationship in the specific integration method consideredrelationship in the specific integration method considered

• Vectors X are storing solution quantities (displacements,Vectors X are storing solution quantities (displacements, 
velocities), r is a load at time t+ν, ν being 0, Δt ot θΔt depending on 
the chosen method. The matrix A is the integration approximation 

d t L i l d tand vector L is load operator.
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Direct integration approximation and load operators

• To study the accuracy and stability of the integration methods we 
will need the relation which gives the solution for the time t+nΔt 
and which is obtained in applying the above relation recursively:and which is obtained in applying the above relation recursively:

• Now, we proceed and calculate operators A and L for different , p p
direct integration methods
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The central difference method

• We approximate acceleration and velocity at time t. The equilibrium 
ti i l id d i ti t Th bt iequation is also considered in time t. Thus we obtain

• where• where
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The Houbolt method

• The equilibrium equation is considered in time t+Δt and two 
b k d f l d f th l ti d l it tbackward formulas are used for the acceleration and velocity at 
time t+Δt. Thus we obtain

• where

Method of Finite Elements II



Swiss Federal Institute of 
Technology

Page 12

The Wilson θ method

• The equilibrium equation is considered in time t+θΔt. Thus we 
bt iobtain

• where• where
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The Newmark method

• The equilibrium equation is considered in time t+Δt. For the 
l it d di l t t ti t Δt t t δ dvelocity and displacements at time t+Δt two parameters, δ and α are 

to be chosen. Thus we obtain

• where
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Stability analysis

• In general, Δt should be chosen according to the smallest period in 
t T ll T /10 llsystem Tn; usually Tn/10 or smaller

• Practically, we need to consider only first p of total n equations and 
accordingly we need to perform finite element idealization suchaccordingly we need to perform finite element idealization such 
that the lowest p frequencies and mode shapes are predicted 
accurately

• Question of stability of one integration scheme: what happens 
when Δt/T (T being natural period) is large?

• This question is answered by examining the behaviour of the 
numerical solution for arbitrary initial conditions

• To perform this we set r=0 thus getting• To perform this we set r=0 thus getting
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Stability analysis

• Considering the stability of integration method we have procedures 
th tthat are:

• Unconditionally stable – if the solution for any initial conditions 
does not grow without bound for any time step Δt in particulardoes not grow without bound for any time step Δt, in particular 
when Δt/T is large

• Conditionally stable – if the above holds only when Δt/T is smaller y y
or equal to a certain value, which is usually called stability limit

• For stability analysis one uses the spectral decomposition of A 
given by A=PJP-1, where P is the matrix of eigenvectors of A
and J is the Jordan canonical form of A with eigenvalues λ of Aand J is the Jordan canonical form of A with eigenvalues λi of A
on its diagonal
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Stability analysis

• Now we can write An=PJnP-1 and using this we can determine the 
t bilit f th ti i t ti hstability of the time integration scheme

• If id th t l di A d fi d• If we now consider the spectral radius A defined as 

• we can write the stability criterion:
• 1 If all eigenvalues are distinct we must have ρ(A)≤ 1• 1. If all eigenvalues are distinct we must have ρ(A)≤ 1
• 2. If A contain multiple eigenvalues, we require that all such

must be smaller than 1
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Stability analysis

• Using simple Example (E 9.12) we can compare different 
i t ti th d i di i ti tintegration methods using corresponding approximation operators
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Stability analysis

• Furthermore, one can evaluate the optimum value of θ for the 
Wil θ th dWilson θ method

• For the Newmark method we obtain the unconditional stability
for δ≥ 0.5 and α ≥ (0.25δ+0.5)2
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Accuracy analysis

• In general, using an unconditionally stable operator, the time step 
h t b h t i ld t d ff ti l tihas to be chosen to yield an accurate and effective solution

• Integration accuracy can be assessed as a function of Δt/T, ξ and r, 
as we have seen beforeas we have seen before

• Considering the solution of the initial value problem defined by

• and having an exact solution x=cosωt, we can compare different 
integration methods using the errors in period elongation and 
amplitude decay as measures of accuracy
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Accuracy analysis
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Accuracy analysis

• All methods are accurate for very small ratios Δt/T (0.01). For larger 
ti d f i Δt/T th Wil θ th d ith θ 1 4 i t dratios and for given Δt/T the Wilson θ method with θ=1.4 introduces 

less amplitude decay and period elongation than the Houbolt 
method, and the Newmark method the smallest percentage periodmethod, and the Newmark method the smallest percentage period 
elongation and no amplitude decay

• In sum, Δt has to be chosen small enough so that the response in 
all modes that significantly contribute to the total structure 
response is calculated accurately; for central difference method
Δt should be smaller than or equal to ΔtΔt should be smaller than or equal to Δtcr

• For practical analysis, both Newmark and Wilson θ method can
be used
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Some practical considerations

• To obtain an effective solution of a dynamic response an 
i t ti i t ti h t b h Thi h iappropriate time integration scheme  must be chosen. This choice 

depends on the finite element idealization which in turn depends 
on a physical problem to be analysed (structural dynamics or aon a physical problem to be analysed (structural dynamics or a 
wave propagation problem)

• Structural dynamics: only the lowest modes are considered; time 
step Δt should equal to Tco/20, where Tco=2π/ωco and ωco=4ωu, ωu
being highest frequency significantly contained in the loading

• W ti l b f f i it d i th• Wave propagation: large number of frequencies are excited in the 
system; “effective length” of finite element should be Le=cΔt, 
where Δt=tw/n and tw=Lw/c. Lw is a wavelength, c wave speed and n w w w w g , p
number of time steps needed to represent the travel of the wave
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