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Total Lagrangian Formulation

The incremental strains:

Principle of virtual work approximating by a Taylor Series

We get:



Total Lagrangian Formulation

Keep in mind:

where û is a vector with the element nodal displacements

We then get as the incremental strains: 



Isoparametric Elements

Motivation for introducing the B-Matrix:

Isoparametric elements

Displacements are interpolated in the same way as the geometry:

geometry → displacements

→

where q is the number of nodes per element and h the interpolation functions



Isoparametric Elements

How to get the element strains?

The strains consist of the derivatives of the element displacements wrt to the

local coordinates (constitutive equations). Whereas the element

displacements are in natural coordinates.

the local coord‘s are of the form 

the natural coord‘s are

Idea: relate these two by chain rule



Isoparametric Elements

Drawback: 

to derive the partial derivatives wrt x, the explicit relations

would have to be known/evaluated, which are generally hard to compute. 

Instead, applying chain rule to r:



Isoparametric Elements

Which leads us to the Jacobian Matrix



Isoparametric Elements

Which only useful in its inverted form:

Remember: the inverse of a regular 2x2-Matrix is



Total Lagrangian Formulation

The B-Matrices look the following:

with



Total Lagrangian Formulation

with



Interpolation Function

the interpolation functions for 2d-elements with 4 nodes:



Example 6.18



Example 6.18

Isoparametric:

Jacobian element:

The other elements are derived analogous. This leads to:



Example 6.18

For the B-Matrices, we need →

Which allows us to write:



Example 6.18

This is how we assemble the -Matrix:

For we additionally need:



Example 6.18

For the only nonzero l‘s, this is:

Premultiplying with these l‘s gives us



Example 6.18

Getting is straightforward. We just insert the previously calculated

terms:

That‘s all of the magic for Example 6.18!



Beam Element

The geometry of a beam element at time t

i… Dimensions

q… Number of nodes

ak, bk… Cross-sections

hk… Interpolation functions

V… See next slides



Beam Element

With the displacements components being

Inserting the previous equation in these two yields



Beam Element

Where

are the nodal rotations, approximated by a 2nd order Taylor Series: 

are the rotational DOF. (will become clear in the example)



Example 6.20



Using the beam geometry equation:

h1 h2 h1 h2

Example 6.20

Corresponds to ak, bk

1st comp of



Example 6.20

Setting (Taking the beam back to reference configuration)

Gives



Example 6.20

Applying the above equations to

leads to



Example 6.20

How do we get these terms?

With

Showing these calculations representatively for node 1…



Example 6.20

→

is derived in the same manner with



Example 6.20

For the UL formulation, we require the Jacobian, therefore

simply by taking the derivatives of the beam geometry equations and

assuming



Example 6.20

For the TL formulation we need the Jacobian, too

this we get by taking the derivatives from



Example 6.20

Finally, the initial displacements are, by using the isoparametric formulation, 

i.e. the inverse of the Jacobian

again assuming that

Remark: To get the B-Matrices, these terms must be transformed to the local

η,ξ axes

That‘s it!



Thank you

Thank you for being patient


