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Total Lagrangian Formulation

The incremental strains:

Principle of virtual work approximating by a Taylor Series

We get:

o€y = oty + by g ol + bugy olia, + H[OHI.I.F + (o, I:'z}
0€2 = olizz + b2 oMz + bz 2ok + 1((otr2)* + (oktz.2)?)
o€z = 7otz + olz1) + 3(8kp1 oltr.2 + blha,) olnz + bl z oldr.t + bz oliz1) + 5(oly.y oy 2 + oldz,| okz2)
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Total Lagrangian Formulation

Keep in mind: &= Bu

where U is a vector with the element nodal displacements

We then get as the incremental strains:

o€ = oty + biey, g oy, + buz otz + H[olll.l}: + (olez, I:'z}
W_j I\ J \U J
Y Y
‘B ‘B ‘B
0~ Lo 0~ 0~NL
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Y

oBr = (Bro + ¢BL1
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|Isoparametric Elements

Motivation for introducing the B-Matrix:
Isoparametric elements
Displacements are interpolated in the same way as the geometry:

geometry > displacements

q q
X = E h;x; - U = E h;u;

where q is the number of nodes per element and h the interpolation functions
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|Isoparametric Elements

How to get the element strains?

The strains consist of the derivatives of the element displacements wrt to the
local coordinates (constitutive equations). Whereas the element
displacements are in natural coordinates.

the local coord's are of the form x = f(r,s,t)

the natural coord's are r=f(x,vy2)

|dea: relate these two by chain rule
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|Isoparametric Elements

Drawback:

to derive the partial derivatives wrt x, the explicit relations 7 = f(x,y,2)
would have to be known/evaluated, which are generally hard to compute.

Instead, applying chain rule to r:

d ddx ddy 0oz
ﬁr_ﬁxar+§yﬁr+6zar
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|Isoparametric Elements

0 ddx 00dy 00z
ﬂr_ﬁx8r+§y§r+ﬁzﬁr

Which leads us to the Jacobian Matrix

0 dx dy oz /0
or or odr or || odx
d | _|0x dy adz || @
ds ds ds ds || 9y
d dx dy o0z i,
Jat/ ot ot at/ Nag/
a ad
R = I -
ar dx
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|Isoparametric Elements

Which only useful in its inverted form.
ad ad

I N
dx J ar

Remember: the inverse of a regular 2x2-Matrix is

('—111 ﬂ1;2)_1_ 1 ('-122 _ﬂlz)
Qz1 Q33 deta “— 021 Uy

ETH \)

Eidgendssische Technische Hochschule Ziirich IMES
Swiss Federal Institute of Technology Zurich

..................



Total Lagrangian Formulation

The B-Matrices look the following:

0By =

with

ETH

Eidgendssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich

-uhl,l 0 ol
0 ohi2 O
ohi2 ohi1 ohaa
h hy
—_ 0 —_—
%%, %,
oh
ohy; = Px;
W

0  oha,
ohz2 O
oha1 oha;

h;

0 —

%

ohw,2

ﬂhﬂi |




Total Lagrangian Formulation

Ohﬂ. 1

Dhﬂ. 2

iy ohw L ohn

Lz ohw.2 b ohn.2

(1 ohnz + liaohn,) (o ohwa + Iz ohw)
hy

In ﬁ 0
i

(11 oh, by ohy, Ly oha, Lt oha1
‘B, = hz ohy b2 ohy 2 bz oha.2 Iz oy, 2 e
o (i ohiz + iz ohi1) Uzt ohiz + Ilnohiy) (hiohaz + Laohzi) (biohas + Iz ohay) - ..
h h
with fu = i Ohk.j rﬂf
=]
[ohi1 0 oy O oy O ohw.1
oliz 0 oha2 0 o2 O ohy 2
(B, = 0 oy 0 oy 0 ohayy --- O
10 ok 0 ohx O ohyy c-- O
h hs ha hn
& 0 w0 o ° T,
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Interpolation Function

the interpolation functions for 2d-elements with 4 nodes:

hy=| 21+ (1+5)
b= 11-r(1+s9)
m=|1-n(1-9
ha=| (140 (1-9)
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Example 6.18

EXAMPLE 6.18: Establish the matrices §Brg, §B.;1, and {Bx. corresponding to the TL formu-
lation for the two-dimensional plane strain element shown in Fig. E6.18.
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Figure E6,18 Four-node plane strain
element in large displacement/large strain

conditions
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Example 6.18

|soparametric:
% = hy °x! + hy °x2 4+ hy OxF 4+ hy Ox
1
=—(3x; + 61+ 6)
4
. (1]
Jacobian element; o, _ 9 X 3
J1n = ar 2

The other elements are derived analogous. This leads to:

=
|-
I
 —
o MW
(E TR -
| |
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Example 6.18

For the B-Matrices, we need h Oh 0 I J
- | — N E— _
’ ok aoxj ox dar

d 2 o\ /0

ox; | /3 ar

o 1=\ o 2.\

dx, /3 ds

Which allows us to write;

1
dh, 20h 261(14—1‘4—54—1‘5) 1(1 )
6“;{1_36:‘_3 ar 6 s
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Example 6.18

This is how we assemble the §Bio -Matrix:
§Bro =

{ 1+s) 0 —(1+y53) 0 -1 =13 0 (1 —ys) 0
- 0 (1 +r) 0 (1=r) 0 -1 -7 0 —(1 +7
d+n+s G-n-0+s)—--r-Q-5-1+r {A-3

For ¢B.1 we additionally need:

v

t — — . K

ottij = lij = Z oftj Ui
k=1

ETH \)

Eidgendssische Technische Hochschule Ziirich IMES
Swiss Federal Institute of Technology Zurich

..................



Example 6.18

For the only nonzero I's, this is:

4

Iy = E o, ‘uf = §{h1.r'ul + b, 'uf} =3

k=1
4

- 2 _— ‘
b = 2 ohuaub = $lhnud + i, ul) = &
k-

Premultiplying ¢BLo with these I's gives us §B1

0B =
) 20+ 0 =2(1 + %) 0 -2(1 — 3) 0 2(1 — 3) 0
% 0 (+7 0 (1-=r 0 —-(1-1r 0 -(1+7
20+ (0 +s) 20— -0 +s) 20=-7r) ~1 =5 -20+n (-9
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Example 6.18

Getting 6By is straightforward. We just insert the previously calculated
terms:

6By =

1+ 0 -(0Q+9 0 —-(-y9 0 (1 =3 0

1@+ 0 1—1r 0 -1 =) 0 —(1 +r) 0
6 0 1+ 0 —(1+y) 0 —(1-y 0 (1 -3
0 (1+7 0 (1 —r) 0 —-(1-7 0 -1+

That's all of the magic for Example 6.18!
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Beam Element
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Eidgendssische Technische Hochschule Ziirich IMES
Swiss Federal Institute of Technology Zurich

The geometry of a beam element at time t

q ¢ q 5 q
'xi=Ekk:xf‘}‘—zﬂkhkrvfi+_"2bkhkrvﬁf i=1273

k=1 2 k=1 2 k=1 i‘*bz.,,_‘
.. Dimensions , e j‘,
q... Number of nodes T ]

: a - ;

Ay, Dy... Cross-sections _L .
h,... Interpolation functions {ﬁ b

X3
V... See next slides Vi T
22\ a
1
X2 '
X . '
1
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Beam Element

With the displacements components being

Inserting the previous equation in these two yields

q
=S heut + L ahvh — ovt) + % 2 bl V5 — OVA)
k=1

k=1 2#1

g 7 q9
U; = E 2 ﬂkht Vﬁ‘ + 2 bkh.t s
k=1 k=1 k=

mlf-:

+ L
t3;
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Beam Element

Where vk = rtaryk — ryk

k — ¢+ k
Vg = ‘tAVE — (VE

are the nodal rotations, approximated by a 2nd order Taylor Series:
l
Vi = GkX'Vf+§ﬁk)< (0, X 'V¥)

V§=0¢X'V§+%0k><(ﬂk>(‘\?§)

0. are the rotational DOF. (will become clear in the example)
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Example 6.20

EXAMPLE 6.20: Consider the two-node beam element shown in Fig. E6.20. Evaluate the
coordinate and displacement interpolations and derivatives that are required for the calculation
of the strain-displacement matrices of the UL and TL formulations.

2 _ -~ sin '92
Ve [ cos 9,

i

; / Attime t

At time 0

[=]
&
(]
| e |
=)
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Example 6.20

Using the beam geometry equation:

1—r 1+r shil — r\ . shil + .
’x.=( 5 )‘x}+( > )'x?—-i—( 2 )mn’ﬂ.—z( r)sm‘ﬂp,

Corresponds to a,, b,

1st comp of ‘!
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Example 6.20

Setting °x! =0 (Taking the beam back to reference configuration)
%2 =1L
81’, =0

0 sh
n=3
ETH \)
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Example 6.20

x| + xi — °L) ("x? - 'xj — “L) Sh[(l - r) ) 1+ r) .
ty, — o ! t
leads to ‘u, ( 5 + 5 r—3 57— ) sin 6 + 5| sin &
x4 + '15) (‘x% - ‘xi) sh [(1 - r) (l + r) ]
¥ — + — r I —
—_— + —_—
U = ! 5 rui + 1 ! uir + % (1 r) (—cos '8,)8, + ;sm ‘01(&)2]

—cos ‘)6, + sm '32{6':)2

u2=1‘ ul + “” %+— 1"’@9.--@5@(31)2

Iﬂ:(ﬁg)z

—sin ‘&)8, —

L
2%
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Example 6.20

How do we get these terms? V=0, X'Vt + % 0. X (0, X V)

vf=ok><=v1*+%ok><{o&xw¢)

0 0
Wlth 31:(0)1622(0)
6, 6,

Showing these calculations representatively for node 1...
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Example 6.20

0
% is derived in the same manner with ‘@, = ( 0 )

t

6,
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Example 6.20

For the UL formulation, we require the Jacobian, therefore

alxl_LCUSCI!_:?E,I ey
ar 5 4(sm6‘: sin ‘6,)

e () e (5

dx; Lsina  sh . ,
ar 2 +4(00592 cos ‘6)

6’.1'2 h 1—r ' l+r) ]
= — + t
3s 2[( 2 )c"”‘ ( 5 ) cos 6

simply by taking the derivatives of the beam geometry equations and

assuming L= °L = °L
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Example 6.20

For the TL formulation we need the Jacobian, too

6 _
s 0

0y = 2
h
N 2]

ETH \)

Eidgendssische Technische Hochschule Ziirich IMES
Swiss Federal Institute of Technology Zurich

..................



Example 6.20

Finally, the initial displacements are, by using the isoparametric formulation,

I.e. the inverse of the Jacobian

again assuming that L= °L = °L

h
oy = (cosa — 1) — %{sin ‘% — sin '6,)

1 - ) 1 + .
B2 = —( > r)sm'ﬂl—( 5 r)sm‘ﬂz

Y
t - o1 + I — [
bUzy = sin « > L(cos & — cos ‘6,)

- +
fUz2 = (1 3 r) cos ‘6, + (1 > r) cos ‘@, — 1

Remark: To get the B-Matrices, these terms must be transformed to the local

n,¢ axes

That's it!
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Thank you

Thank you for being patient
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